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Abstract

The main part of this thesis is a proof of the Green-Tao theorem which states
that the primes contains arithmetic progressions of any length. The proof follows the
original proof of Ben Green and Terrence Tao closely but contributes with quite a
lot of technical details that Green and Tao left out.

In the last chapter we consider sets with arbitrarily long arithmetic progressions,
AP-sets, and prove that a homogenous system of linear equations has solutions in
any AP-set if (1,1,...,1) is a solution and the solution space has dimension at least
2. This gives us a new characterization of AP-sets.
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Chapter 1

Introduction

Additive patterns in the primes is a field of research that has drawn much attention.
Famous open problems in this field are the existence of infinitely many twin primes and
Goldbach’s conjecture. It is believed that both of these conjectures are true, and heuristic
arguments suggest that they are true if the primes are randomly distributed in the right
sense. Of course the primes are not randomly distributed since there are no even primes
(except 2) and no primes divisible by 3,5,7,.... The general conjecture is that these
obstructions are the only ones that stops the heuristic argument, so there are no “secret”
patterns in the primes except for these obvious ones.

This thesis is considering a specific additive pattern namely arithmetic progressions
which are configurations of the form

a,a+d,...,a+ (k—1)d

for some a,d, k € N. The heuristic arguments mentioned above also suggest that there are
arbitrarily long arithmetic progressions in the primes. Van der Waerden proved in 1927
[13] that if the integers are coloured with finitely many colours then there is a colour such
that there are arithmetic progressions of any length using numbers of this colour — this
result is not so interesting when considering the primes as a colouring, because then van der
Waerden only gives us long arithmetic progressions in either the primes or the composite
numbers and the composite numbers contains infinitely long arithmetic progressions, for
instance the even numbers.

A stronger result was proven by Szemerédi in 1975 [12], namely that any subset of pos-
itive (upper) density contains arithmetic progessions of any length. This theorem implies
Van Der Waerdens theorem since the numbers with at least one of the finitely many colours
must have positive density, but the primes have density 0 and so Szemerédi’s theorem says
nothing about the primes.

Ben Green and Terrence Tao proved in 2004 [6] that the primes contain arbitrarily long
arithmetic progressions and it is their proof of this theorem that this thesis will present.
The great open problem in this context is the Erdés-Turan Conjecture which states that
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we for A C N has

1

E — =00 = A contains arithmetic progressions of any length.
a

acA

This conjecture would imply all the above results, and will be discussed shortly in chapter
9 of this thesis, where we find a new equivalent formulation of it.

The proof of Green and Tao consists of several parts. In chapter 2 of this thesis we will
introduce the necessary notation and some basic concepts of the proof, and in chapter 3
we will present the strategy and structure of the proof. The main part is the proof of a
generalization of Szemerédi’s theorem, and chapters 4-7 will be dedicated to proving this.
Chapter 8 will deal with the construction of a certain function, a pseudorandom measure,
which is concentrated on the primes and satisfies some bounds and other criteria necessary
for the proof. The proof as it is presented in this thesis is more or less as in [6] but I have
contributed with quite a lot of technical details that they have left out in their paper, and
I have changed the order and structure of some of the proofs.

Chapter 9 is my personal contribution, which can be seen as an application of the Green-
Tao theorem that proves the existence of prime solutions to linear equations. More generally
it is a proof of the existence of solutions to certain systems of linear equations in any
subset of the integers that contain arbitrarily long arithmetic progressions. Furhtermore
I will present a new arithmetic way of characterizing such subsets which gives a new
formulation of the Erdds-Turan Conjecture. An article [8] on the results of this chapter
has on the 16th of February been submitted to the journal INTEGERS: Electronic Journal
of Combinatorial Number Theory’. The methods in this chapter are quite elementary and
the chapter can be read alone without reading the rest of the thesis.

I would like to thank my supervisors Simon and Jgrgen who have helped me through
the writing process, Jimi Lee Truelsen for reading, correcting and commenting on the thesis
and Andrew Granville for commenting on the results in chapter 9. I would furthermore
thank my fellow students for good company, and finally thanks to my family for all the
support I have recieved during my many years of studying.



Chapter 2

The theorem and basic concepts

2.1 The theorem

The theorem I want to prove in this thesis is the following theorem of Green and Tao [6].

Theorem 2.1.1. The primes contain infinitely many arithmetic progressions of lenght k
for any k.

Recall that an aritmetic progression of length £ is a set of the form
{z,x+r,a+2r,...;0+ (k—1)r}.

where x,7 € N. So the theorem states that the primes contain infinitely many of these
of any given length. Notice that we actually just need one arithmetic progression of any
length to prove the existence of infinitely many arithmetic progressions of any given length.

2.2 Basic definitions and notation

Definition 2.2.1. Let N € N be a prime. We denote Zy = 7Z/N7Z.

Remark 2.2.2. Throughout the proof, k will denote the size of the arithmetic progression
we are looking for. So in all proofs we assume that N is a very large prime and that k is
a natural number. Sometimes we will assume that k is bounded from below but it does
not really matter, since a progression of length & contains progressions of length m for all
m < k.

Several times during the proof it is nescessary to assume that N is sufficiently large
depending on some parameters, but we will not discuss the size of N — just make sure that
the proof is valid.

In the rest of the thesis o(1) will denote a term that tends to zero as N — oo, and we
will write O(1) for a bounded quantity. If the convergence to zero or the coefficient in the
bound depends on some parameters, we will write these parameters in the subscript. The
constant will always depend on k (the length of the aritmetic progression we are looking
for), so we will usually not write that. We write O(X) = O(1)X and o(X) = o(1)X.

7
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We define the expected value of real functions on Zy as follows.

Definition 2.2.3 (Expected value). Let n > 1 and f : A — R where A C Z%, with A # .
Then we define
2pea F(2)

E (f(z) |$€A)=T-
If f is defined on all of Z% we write
E(f)=E(f(z) |z eZy).

Remark 2.2.4. We will need to take expectations with respect to more than one variable.
The generalisation to this case is done by taking average over the product set. All the results
here are valid for several variables because two variables over two sets can be written as
one variabel over the product set.

The expected value can be extended to be taken over any function f : A — R where
#A < oo by the same definition, but usually A will be a subset of Zy.

The following proposition can be proved by straightforward calculations, and will be
quite useful in calculations involving expected values.

Proposition 2.2.5 (Properties of the expected value). Let f : A — R,g: B — R where
AC7Z% B CZ% with A,B # (.

1. If m=n,A =B and we let a,b € R then

E(af(x)+bg(x) |z € A) =aE(f(x) |z € A)+bE (g9(x) | x € A).
2. We furtermore have

E(f(z)g9(y) |z € A,y e B)=E(f(x)E(g(y) |y € B) |z € A)
=E(f(z) |z € A)E(9(y) |y € B),

3. and as a special case we have
E(f(z)|r€A)=E(f(x) |z € Ay € B).
4. If¢,90: Ax B—R. Then
E(¢(z,y)d(z,y) |z € Ay € B) = E(E(¢(z,y)¢(z,y) |y € B) [z € A).

5. If I is some finite set and we have h; : A — R for all i € I then

E (th(m) x € A) =E ( H hi(x)h;(y) | x,y € A) :

iel iel jel
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2.3 Measure and measure conditions

The proof uses the notion of a measure on Z/NZ but it is not a measure in the measure
theoretic sense since, the only reasonable measure to consider on such a set is the counting
measure. The only thing we require of a measure is that it is positive and that the expected
value of a measure should tend to 1 as NV goes to infinity.

Definition 2.3.1 (Measure). A function v : Zy — R* is called a measure if
E(v) =1+ o0(1).

We want to construct a specific kind of measure. This measure has to satisfy the
following two conditions.

Definition 2.3.2 (The linear forms condition). A measure v is said to satisfy the (mg, to, Lo)-
linear forms condition if the following is satisfied. Let m < mg and ¢t <. Let L = (L;;) €
Mat,, +(Q) be such that no row is a rational multiple of another row, and such that all
entries has height < Ly and full rank. Now let by,...,b,, € Zy and define fori=1,...,m
linear forms 1); : Z' — Zy by

t
Zb(il}l, Ce ,I‘t) = Z Lijxj + bl
j=1

where L;; is considered as a member of Zy (so N > Ly and a/b = ab™' € Zy). Then

E (v(1(2)) ... v(n(2)) | 2 € ZY) =1+ 05y mo (1)

Remark 2.3.3. Recall that the height of a rational number ¢ with ged(a,b) = 1is H(}) =
max(al, [b]).

Notice also that the (my,to, Lo)-linear forms condition implies the (my,t(, L;)-linear
forms condition when m{ < myg,t; <ty and L{ < Ly.

Definition 2.3.4 (The correlation condition). A measure v : Zy — R is said to satisfy
the mg-correlation condition for my € Z™ if for every 1 < m < mg thereis 7 : Zny — R*
such that E (77) = O,,4(1) for all ¢ > 1 and such that

E(v(z+h)v(@+he) v+ h,) |z €Zy) < Y (b —hy) (2.3.1)

for all hy,... h,, € Zy.

A measure satisfying both of these conditions with suitable parameters will be called
pseudorandom. We define it as follows.

Definition 2.3.5 (Pseudorandom measure). A measure v : Zy — R™ is called k-pseudo-
random if it satisfies the (k2*~! 3k — 4, k)-linear forms condition and the 2*~!-correlation
condition.
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Example 2.3.6 (The constant measure). Define v : Zy — R™ by v(z) = 1 for all x € Zy.
Then v is definitely a measure. It satisfy the linear forms condition with any parameters
since

E (v(¥1(2))...v(¢Yn(z) |z € Z) =1,
no matter what the v;’s are. It also satisfies the correlation condition with any parameter,

since the LHS in (2.3.1) is 1, and we can thus define 7 = 1 to get the desired inequality.
So v is k-pseudorandom for any k.

The following theorem tells us that the pseudorandom measures are star-shaped around
the constant measure.

Lemma 2.3.7 (Pseudorandom measures are star-shaped around 1). Let v be k-pseudorandom.
Then v = (v 4+ 1)/2 is k-pseudorandom.

Proof. Since v is a measure, we have that v/ is non-negative and

1
B(/) = 5(B0)+1) = 1+o(1),
so v/ is a measure.
To prove that v/ satisfies the (k281 3k — 4,k)-linear forms condition we let m <
k2F-1 ¢ < 3k — 4 and let 1,...,%,, be defined as in the definition of the linear forms

condition. Then

E (V' (@1(2) .-V (Ym(2)) | 7 € Zy) = 27"E ((v(1(2)) + 1) ... (v(¥m(2)) +1) | z € Z)

=2 Y E (H v(Yi(z)) | = € Z§V> .

AC{1,...,m} icA
Now since v is pseudorandom, it satisfies the (k251 3k — 4, k)-linear forms condition, and
we see that the terms in the sum are of the form considered in the definition of the linear
forms condition so each of the terms is 1 + o(1), and since the sum has 2™ terms (one for
each subset A C {1,...,m}) the whole thing is 1 + o(1) and we are done.
We now need to prove that v/ satisfies the 2¥~'-correlation condition. Let m < 2F~!
and hy,..., hy, € Zy. We have
T EL N) .

(2.3.2)
There is a 7 such that v satisfies the correlation condition, so let us try to use this 7 again.
It certainly satisfies E (79) = O,, 4(1) for all ¢ > 1. Let us now consider one of the terms
in the sum. For any A Ce {1,...,m} we have

E(Hu(erhi) erN)S > r(hi—hy)

icA 1<i<j<m

E@/ (z+h) - V(w+hy) |z€Zy)=2"" Y E (Hu(x—%hi)
AC{1,...,m} €A
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because v satisfies the correlation condition. There are 2™ terms in the sum on the RHS
of (2.3.2), so

E@ (z+h)V(e+hn) veZy)< Y 7(hi—hy)

1<i<j<m

as desired. n

2.4 Some useful results about expected values

It will be necessary to perfom linear changes of variables in expectations which we will
formalize in the following way.

Definition 2.4.1 (A uniform cover). A map ¢ : A — B where A C Z% and B C Z} is
said to be a uniform cover of B by A if ¢ is surjective and if

#A

#670) = I

for all b € B.

Lemma 2.4.2 (Uniform covers preserve expected values). If ¢ : A — B is a uniform cover
of BbyA and f: B — R, then

E(f(¢(a)) lac A)=E(f(b) [be B).

Proof. We have

E(f(6la) |a € ) = 23 3 f6(a) = 25 > >, J0

acA bEB acp~!

since ¢ is surjective. Now recall that #¢~1(b) = #A/#B so
Z f = ( )

and hence

E (f(6(a)) | a € 4) =LAZ§— ~B(f() | be B)

as desired. O
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2.5 Function spaces

Definition 2.5.1 (L7 spaces on Z%;). Let 1 < g < oo and let f: Z% — R. We define

11l 2a = E(I£19)"°

for ¢ < oo and

[fll Lo = sup [f(2)].

TELY,

We can consider the functions f : Zy — R as a Hilbert space with inner product
(f,9) — E(fg). This gives us the triangle inequality, Jensens inequality, Holders inequality
and Cauchy-Szhwarz for averages.

Lemma 2.5.2 (Jensens inequality). Let f : A — R where A C Zn. If ¢ : R — R is
convex then

YE(f(z) |z € A) <E(S(f(z)) |z € A).

Lemma 2.5.3 (Holders inequality for averages). Let f;: A — R,i=1,...,m for ACZ}
and let py...,pm >0 and q > 1 be given such that

1 1 1
__|_..._|__:_7
P1 Pm q

then
B (H [fi(@)|" [ = € A) < H]E(If@-(x)!“ | € A)ii .

Corollary 2.5.4 (Cauchy-Schwarz for averages). Let f : A — R and g : A — R for
ACZR. Then

E(|f(x)o(x)| |z € A <E(f(x)’ |z € A B (gx)? | z € 4).



Chapter 3

Proof strategy

3.1 Szemerédi’s theorem in pseudorandom measures

Let us first recall Szemerédi’s theorem. The formulation used here is a bit different from
the usual formulation, since it uses the notion of expected values on Z , but it is equivalent
to the common version. See [12], [3] or [4] for 3 different proofs of this theorem.

Theorem 3.1.1 (Szemerédi’s theorem). Let 0 < § <1 and k > 1 be fived. Let f : Zy —
R™ such that

0< f(z) <1
for all x € Zy and
E(f) = .
Then we have
E(f(x)f(x+7r)---fla+(k—=1r) | z,r € Zyn) > c(k,d) — 05(1) (3.1.1)

for some constant c¢(k,d) > 0, not depending on f nor N.

Note that since the RHS of (3.1.1) does not depend on N this theorem gives us arbi-
trarily long arithmetic progressions in the support of f, and since we require f < 1 and
E (f) > 0 this is only possible if the support of f has positive density. We now want to
generalize Szemerédi’s theorem in the following way. Chapter 4-7 of this thesis will be
dealing with proving this theorem, and we use the original version of Szemerédi’s theorem
in the proof.

Theorem 3.1.2. Let k > 3 and 0 < 6 < 1. Let v : Zn — R™T be a k-pseudorandom
measure and let f : Zn — RT satisfy

0 < fz) < v(z)

for all x € Zn and
E(f) = 6.

13
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Then we have
E(f@)fe+r)--fle+(k=1)r)[z,reZn) = ck ) = ors(1),
for some constant c(k,0).

Note that the only thing that has changed from theorem 3.1.1 to this theorem, is that
we replace f(x) < 1by f(z) < v(z) for a pseudorandom measure v, and since the constant
function 1 is k-pseudorandom for any £ this is a generalization. Now in this theorem it is
possible to use a function f such that the support of f does not necessarily have positive
density, since f is allowed to be larger than 1 on some values as long as it is bounded by
a pseudorandom measure.

This turns out to be exactly what we need since we want f to have support in the
primes, which does not have positive density. We now need to construct such a function
and a pseudorandom measure that bounds it. We will do this in the following way.

Let

w=w(N) = loglog N

and let
w=w(x)=]]r

p<w

Now define a function A : N — R* by

]\(n) _ % log(Wn +1) if Wn+1is a prime
0 otherwise

where ¢ is Euler’s ¢ function. Now define f : Zy — R by

—AA(z) ifeN <z <2N
— ) k2 ST
J(x) { 0 otherwise

In chapter 8 we will prove the following proposition.

Proposition 3.1.3. Let ¢, = m and let N be a sufficiently large prime number. Then

there exists a k-pseudoranom measure v : Zny — RY such that
0<f<v(x)

for all x € Zy.

3.2 The proof

proposition 3.1.3 states the existence of a function with support in the primes (actually
in the primes of the form Wz + 1) which is bounded by a k-pseudorandom measure and
theorem 3.1.2 uses this function to provide us with arithmetic progressions in the primes.
Using these we can actually conclude the proof of the Green-Tao theorem in the following
way.



3.2. THE PROOF 15

Proof of theorem 2.1.1. Let k € N be given. We want to show that there exists infinitely
many arithmetic progressions of length k£ consisting of primes. Define f : Zy — R as
we did above. For a sufficiently large N we get by proposition 3.1.3 that there exists a
k-pseudorandom measure v such that

0< f(z) <v(z)

for all z € Zy. In chapter 8 we will prove that

S~ Aw) = N(1+0(1)),

n<N

This gives us
1

For sufficiently large k we have

1
T =1

so if we let

1
6<W67

then E (f) > ¢ for sufficiently large N. theorem 3.1.2 now gives us

E(f(x)f(x+7r)-- flx+(k—1)r)|z,r € Zy) > c(k, #5) —o(1). (3.2.1)

The RHS goes to c(k, W%e) > 0, which does not depend on N, as N goes to infinity. The
interior of the average on the LHS is positive whenever f is positive on all elements in a
configuration

{z,o4+r,...;2+ (k—1)r}

but the LHS is greater than c(k, Wﬁe) > 0, which does not depend on N, so letting
N — oo we see that there must be infinitely many such configurations such that f is
positive on all elements.

Now notice that

f(z) >0 <= Wz +1isprime and eN < x < 2eN,

if z4ir,i =0,...,k—1is an arithmetic progression then so is W(z+ir)+1,i =0,...,k—1
since W(z+ir)+1 = (Wx+1)+i(Wr), so each of the configurations gives us an arithemtic
progression consisting of primes by the definition of f.

There are two problems remaining. First of all the configuration is not an arithmetic
progression of length £ if » = 0, and secondly we can be in the situation that the progression
is a progression in Zy but not in Z, which will happen if the progression at some point
exceeds N.
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Let us consider the first problem. The contribution to the average on the LHS when

r=0Iis ]
me(x)k~

TEZN

And since f(z) = O(log N) this is

0 (%) = o(1)

so we can ignore the contribution of r = 0.

Now we need to prove that the arithmetic progressions we find in Zy also are progres-
sions in Z. Recall that in the configurations {x,z +r,..., 2+ (k — 1)r} we found, we have
eN <x+ir <2N foralli=0,...,k—1 because f has its support in this interval.

If the arithmetic progression exceeds N we must have r > (1 — )N so the arithmetic
progression must wrap around on every step. This will also give us an aritmetic progression
— it will be one we have counted already but that does not matter since we have infinitely
many. O]

3.3 Overview of the rest of the proof

The rest of the proof is rather technical and to help the reader through it I try to give a
basic overview of what we will be doing.

In Chapter 4 we will introduce the Gowers uniformity norm on functions Zy — R
and use this to prove a theorem we will call a new von Neumann theorem. This name is
inspired by the similarity with von Neumanns mean ergodic theorem.

In Chapter 5 and 6, dual functions and o-algebras on Zy will be introduced. We will
need these in Chapter 7 where we will use a technique inspired by Furstenberg to prove a
theorem that together with the new von Neumann theorem and Szemerédi’s theorem will
be used to prove Szemerédi’s theorem in pseudorandom measures.

As seen above this new version of Szemerédi’s theorem is used in the proof of the Green-
Tao theorem. We also need a specific pseudorandom measure, that has its support in the
primes. Chapter 8 will be used to contstruct this measure and prove that it actually is
pseudorandom.



Chapter 4

Gowers uniformity and von
Neumanns theorem

In Gowers’ proof of Szemerédi’s theorem [4] Gowers uses a theorem (theorem 3.2 in [4])
that gives a bound on expressions of the form

E(fi(x+7)folx +2r)- fi(x + kr) | z,r € Zy)

where the f;’s are bounded in a certain way. Expressions of this form are of course relevant
because they are counting arithmetic progressions. We will need a generalisation of this,
namely theorem 4.3.1, which in [6] is called a generalized von Neumann theorem. The dif-
ference from Gowers’ proof is the introduction of pseudorandom measures and the Gowers
uniformity norm, which gives the theorem a more measure-theoretical flavour, as in the
ergodic theory proof of Szemerédi’s theorem [3].

First we will need some notation. We will define a Gowers inner product and a Gowers
norm and then prove some properties for these.

4.1 The Gowers uniformity norm

Definition 4.1.1 (Gowers inner product). Let d > 1 be a dimension. For w = (wy,...,wy) €
{0,1}¢ and h = (hy, ..., hg) € 74 we define

w-h:wlhl—l—---—l—wdhd.

Let (fu)wefo,134 be a {0, 1}4-tuple of functions Zy — R. Then we define the d-dimensional
Gowers inner product of these functions by

<(fw)w€{0,1}d>Ud =E H fw(iﬂ +w - h) | x € ZN,h S Z?lv

we{0,1}4

From the Gowers inner product, we define the Gowers uniformity norm:

17
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Definition 4.1.2 (Gowers uniformity norm). Let f : Zy — R and d > 1, then we define
the Gowers uniformity norm of f as

1 llge = ((Pueonyails -

We state some properties of this norm in the following proposition. Liu [9] handles the
case where the f,’s are complex but we will only need the case where the f,’s are real.

Proposition 4.1.3 (Properties of the Gowers uniformity norm). Let (f.)ueqo134 be an
{0, 1}4-tuple of functions Zy — R and let f,g: Zy — R.

1. The norm is positive:
[fllga = 0.

2. Cauchy-Schwarz:
|<(fw)we{0,1}d>Ud{§ H | follga -

we{0,1}4

3. Triangle inequality:
1f 4+ gllga < W fllga + llgllpa -

4. Increasing by dimension:

[ llga-r < 1 Flla

5. For d =1, the norm is the absolute expected value:
[l = 1E ()]

6. The Gowers uniformity norm is a norm for d > 2.

Proof. 1. First assume that (f.).eqo,13¢ 1S a sequence of functions such that f,, is indepen-
dent of the last digit, wy of w. So for w = wy,...,wy we have

fm ----- Wd—laoszl ----- wq—1,1>

and this function can thus just be denoted f,, where W' = wy,...,wq_1. We will use this
notation throughout the proof of this proposition. Note that this certainly is the case when
fo = [ for all w. We now have

<(fw)we{0,1}d>Ud =E H folt+w-h)|x€Zy,he Z?\,

we{0,1}d

=E H folx+ W) fu(x+ha+o -B) |2 €Zn, W €25 hg € Ty

w'e{0,1}d-1
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Now this can be rewritten as
2

(fo)weoya)ve =E | E I[I fw+o-W)lyezy| |Wezi'|. (411

w'e{0,1}4-1

This might be a bit hard to see, but if we consider the expected values as sums we see
that they have the same number of terms, and that the terms are pairwise equal. We see
that this last expression clearly is positive, since we are taking expected value over positive
numbers, so we have

<(fw)we{0,1}d>Ud >0,

when f, is independent of the last digit. As mentioned this is certainly the case when
fo = f for all w, so the norm is positive.

2. Let us now consider the general case, where f, depends on the last digit. Then we
can do the same trick as before to get

<(fw)w€{0,1}d>Ud =E H fw<l’ +w - h) ’ r E€Zn,hE Z?V

wef{0,1}4
=E H foolr+w -B)fur(x+hy+o' 0|2 €Zn,W €Z4  ha€ln |,
w'e{0,1}d-1

and doing as before we rewrite this as

(fo)wetoy)ve =E | E H fooly+o' 1) |y €Zy

w/6{071}d—1

x [T foaw+o -W)ylyezy||Wezit|,

w/e{OJ}d—l

and hence by using Cauchy-Schwarz (corollary 2.5.4) we get

2 1/2
{(fo)weoya)ve| <E [ E H fooly+w' -H)|yely| | ez’
w'e{0,1}d-1
2 1/2
xE|E[ [ foaly+o'-b)lyeZy| [WezZi'| |
Wef0,1}4-1

which by (4.1.1) is

{(f)wetonya)ve| < <(fw’,0)we{0,1}d>llj/d2<(fuJ’,1)wE{O,l}d>(1]/d2 (4.1.2)
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because f, o and f,s; depends only on d — 1 digits. We could repeat this argument with
an arbitrary digit instead of the last one to obtain

1/2 1/2
‘((fw)we{o,l}d>Ud‘ < <(fW1,---,wi7170,wi+1 ----- wd)aJE{O,l}d>U/d <(fw17---7wi71717‘di+1 ----- wd)wE{O,l}d>U/d

for 1 < i < d. We can now take the two factors from the RHS of (4.1.2), which are both
non-negative, and use the above formula with ¢ = d — 1 on both of them to get

1/4 1/4

[((foductomydoa] < ((Fomooduetonya) e {(furon)ucroys)ia
1/4 1/4
((For10)wetonyaiia ((foran)ueqonye) a

where w” = w1, ..., w4 2. So repeating this for all the d digits we get
1/2¢
(oot < T (Uecoyadee = TT If-llye
7€{0,1}¢ T€{0,1}¢

by the definition of the Gowers uniformity norm.
3. Let f,g:Zny — R and d > 1. We now have

d
1f +9||2Ud = ((f + Pwefo,134) v

=E H (f+9)(x+w-h)|xz€Zy,heT

we{0,1}4

=E Z Hf(x+w~h)Hg(a:+w-h)\IEZN,hEZ‘]iV

AC{0,1}4 weA w¢A
= Z E(Hf(x+w-h)Hg(x+w-h)|xEZN,hEZ§lV>
AC{01}d  \weA wiA

Now let A C {0,1}? be fixed and define F, as

P f, ifweA,
Y lyg ifwéA,

then we have

E (H fatw-h) [[g@+w h)|zeclyhe Zj{,) = ((F.)weqo.12)

w€eA w¢A

and by the Gowers uniformity Cauchy-Schwarz we have

<(Fa))w€{0,1}d> < H ||Fw||Ud 3

we{0,1}4



4.1. THE GOWERS UNIFORMITY NORM 21

which by the definition of F,, is equal to HfH'lfdl Hg||?]dd_‘A‘. Thus

od A 2d_|A
I +glie < > Al gl

Ac{o,1}¢

2d
A d_|A
=SS A gl

k=0 | A|=k
2d

24 da_
=50 (%) Wt ol
k=0
= (Ul + o)™

as desired, where we in the last equality use the binomial formula.
4. Let d > 2 and let f: Zy — R. We see that

[ flgra = 1.
For each w € {0,1}¢ we define
I = 1, ifwg=1
@ fy fwg=0 "
By using the Cauchy-Schwarz inequality on this sequence we now see that
d—1
((fooeoydval < T Wollpa = 1£17a (4.1.3)
we{0,1}d

since exactly 2%71 of the w’s have a 0 in the last digit. But we also have

|<(fw)w€{0,1}d>Ud‘ =E H folx4+w-h)|x€Zy,h €L

we{0,1}4

=E| [] f@+w-h)|zeZy hey

wef{0,1}4
wd=0

=FE H flx+u' 0|z €Zn b el |,

w'e{0,1}4-1

and by the definition of the Gowers uniformity norm this is equal to || f H?]dd__ll. Combining
this with (4.1.3) now yields

[fllga-s < [ fllia
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as claimed.
5. Now let d =1 and let f: Zy — R. Then

1/2
[fllgn = E H flx+w-h)|x€Zyn,h€ly
we{0,1}
—E (f(z)f(x+h) | z,h € Zx)"
=[EI,
where we in the third equality use proposition 2.2.5 and a change of variables.

6. By the definition of a norm we need to show that for f,¢g: Zy — R and a € R we
have

(1) llafllya = lal [ fllya;
(4) |f + gllya < 1 fllga +1gllya,
(i) |[flly, = 0= f=0.
We see that (i1) is proved already in 3. of this proposition. We can prove (i) by straight
forward calculation:
1/2¢
lafllya=E| [] af@+w-h)|zecZy hef

we{0,1}4
1/2¢

= | ¥'E H af(x+w-h) |z €Zy,hely

we{0,1}4

= lal [ fllga-

We now want to prove (iii). Notice that by 5. we see that it actually is a nescessary
condition to require d > 2 since when d = 1 we have || f||;» = |E(f)|, so it is possible to
have || f||» = 0 for non-zero f.

By 4. it is enough to prove (i) for d = 2 since

Ifllga =0=[fll= =0

for d > 2 since the norm is non-negative, so let f : Zny — R be given and assume that

[ f]lg2= = 0. Now define a sequence (fw)w6{0,1}2 by foo = f and fo1 = fio = fi1 = Lz for
some given o € Zy. By the Gowers Cauchy-Schwarz we now have

[B (@) Lgan (@ + 1) Ly (2 + Do) L (2 + Iy + o) | @, hu By € )|
<l ooy [ - (41.4)
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The LHS of (4.1.4) can be computed by noticing that all the 3 indicator functions have
to be 1 in order to contribute to the expected value, and this only happens once, namely
when hy = hy = 0 and x = zy, so the LHS of (4.1.4) is equal to %

Now consider the RHS of (4.1.4). We have

4
1wl = E (Lgaoy (@) Loy (2 + ha) Ly (2 + ha) Ly (2 + By + ho) | 2,y By € Zy)

and once again they all have to be 1 in order to contribute, which only happens when

hi = hoy =0 and =z = xg, so
1\ /4
el = (55)

and we can therefore rewrite (4.1.4) to

3/4
el < (35) Ml

which implies f(xy) = 0 since we assumed || f||;« = 0. This does not depend on our choice
of xg € Zy, so it is valid for all g € Zx and hence f = 0. O

In our new version of Szemerédi’s theorem we want to replace 1 with a pseudorandom
measure v in the original Szemerédi’s theorem. The following lemma shows that v and 1
are not far from each other in the U%norm.

Lemma 4.1.4. Let v be k-pseudorandom. Then we have
[ = Ll = o(1)
foralll <d<k-—1.

Proof. By item 4. in proposition 4.1.3 we see that it is sufficient to prove the lemma for
d =k — 1, since we have
[l = g < v =1y

for all ' < d. By the definition of the U? norm, we thus need to show that

El J] we+w-h)-1)|zezyheZi" | =o().

we{0,1}k-1

The product in the expected value on the LHS can be expanded to obtain

Z (-DHHE (H vie+w-h) |z €Zn,he Z’f\,_1> .

AC{0,1}k—1 weA
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So now consider one of the terms (ignoring the sign for a moment) of this expression,

E(H v(ix+w-h) \:CEZN,hEZ]fV1> (4.1.5)

w€EA

for some A C {0,1}*71. Now number the elements of A and define for 1 < i < |A| the
linear forms ¢; : Z% — Zy by

Gi(y) =y +w- (Y2, Yk)

where w is the i’th element of A and y = (y1,...,yx). Then (4.1.5) can be written as

E (v(¢1(y)) - v(da(v) |y € ZR) .

Now we want to use the (2571, k, 1)-linear forms condition, which is valid because v is k-
pseudorandom, but to use this we need to prove that none of the linear forms is a multiple
of any other. So assume that ¢; = a¢; for some a € Zy \ {0} and for some 1 < 4,5 < |A],
i # j, and let w and 7 be the corresponding members of A. Now let y = (0,1,0,...,0).
Then

w1 = ¢i(y) = ap;(y) = am.
This can be done for all coordinates, so we have wy, = ar, for all 1 < k < |A|. Since the
wr’s and 73,’s can be 0 or 1, and a # 0 we have only a few possibilities for the choice of a.
Either a = 1 and we have ¢; = ¢; and hence ¢ = j which is a contradiction, or a # 1 and

then we must have w = 7 = 0 and hence © = j which again is a contradiction.
So we can now use the (2871, k, 1)-linear forms condition which states that

E (v(¢1(y)) - v(day) |y € ZY) = 1+ o(1),
> (-)ME (H vz +w-h)|z€Zyhe ngl) = Y (=DM 4o(1),
AC{0,1}k—1 weA AC{0,1}k—1

because the size of A only depends on k, and o(1) is allowed to depend on k. But there
are as many subsets of A with an even number of elements as there are subsets with an
odd number of elements, so the above expression is just o(1) as we wanted. ]

4.2 A special Cauchy-Schwarz

In the proofs of this chapter we will need the following definition, where we from two
vectors v,y define a new vector y®) where some of the coordinates are from gy’ and the
rest from y and where S is an index set that indicates which coordinates come from y/’.
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Definition 4.2.1. Let £ > 1 and 0 < d < k, and let y = (y1,...,yp-1) € va_l and
vV = W g Ypy) € Z% and S C {k —d,...,k — 1}. Then we define the vector

S S _
y & = Py e wh by

(s):{yg iftieS

Yi y; otherwise.

The following lemma is again a kind of Cauchy-Schwarz, and this one we will use to
prove theorem 4.3.1.

Lemma 4.2.2 (Yet another Cauchy-Schwarz). Let v : Zy — R™ be a measure and k > 1.
Let ¢g, ¢1, ..., 01 : 755, ° — Zin such that we for all © have that ¢; does not depend on the
1-th coordz'nate Let fo, ooy fo—1 : Zny — R such that

|fil@)] < v(z)

forallx € Zny and 1 <i <k —1. Define for0 <d<k—1

J;=E H (ﬁ Filei(y' ) <H V2(6i(y9)) )
k—1}

SC{k—d,....k— i=0 i=k—d

y € 7ty € 74,

and

yec 7ty €7y

Py=E H V(¢k—d—1(y(s)))

Then we have for all 0 < d < k — 2 that
| Jal* < Padaga.
Proof. Consider Jy. Since ¢p_4_1 does not depend on the k — d — 1’th coordinate, we may

use proposition 2.2.5 to split the average into two parts — one depending on ¢;_4 1 and
one not depending on ¢,_4_1. So we can write

Jo=E (G, v )HW.¥') | 1, -, Yr—d—2s Yy - - Y1 € Zn,y € L),

where
Gy, y) = | R R I (T ) e R (T
SC{k—d,...,k—1}
and
k—d—2
H(y,y)=F 11 fildily V2 (¢i(y) | Yr—ao1 € Zy

SC{k—d,...k—1} =0 i=k—d—1
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Notice that we have added a factor v/2(¢r_q_1(y™)) to H and divided by it in G. By
Cauchy-Schwarz (corollary 2.5.4) we have
|Jcl|2 <E (G(ZJ,?/)Z | Y1 s Yh—d—2s Yh—ds - - - Yk—1 € Zn, Y € Z(ziv)
‘B (H(yv y,)2 | Yi,- o Yk—d—25 Yk—d> - - - Yk—1 € ZN; y, € Z?V) : (421)
Consider the first factor. Since fi_4—1(x) < v(x) for all x € Zy we have that

2

Gy, y)? = I feai(@eaa W) 2 (Gr—ar (v°))

< H V(¢kfd71(y(s))),

which exactly is the factors in P;. Now notice that by 3. in corollary 2.2.5 it makes no
difference if we in the first factor on the RHS of (4.2.1) take average over all variables or
omit yx_q_1 since G(y,y’) does not depend on y;_4 1. So we get

E (G(?J?y,)Q | Y1 Yk—d—2,Yb—ds - Yh1 € Ly, Y € Z(]i\/) < Pu.

Now consider the second factor on the RHS of (4.2.1). We want to prove that this is
equal to Jy,1. With the d increased by 1, the ¢ vector will be one dimension bigger, so we
need to add an extra variable y;_, ;. We also have to take products over more subsets S
and alter the two inner products. All in all we have to show that

H(y.y) = E 11 ( [ fi<¢i<y<s>>>)
k—1}

SC{k—d—1,...,

Now

Hyy) =] Y.
- Y w I I sew®) T ew®)

Yk—d—1:Y)_q_1€ZLN SC{k—d,...k—1} =0 i=k—d—1

=l

k—d—2

H H fi(¢i(y(su{k_d_1}))) 1:[ y1/2(¢i(y(SU{k—d—l})))

SC{k—d,...k—1} i=0 i=k—d—1

=B H }<_ [ fi z’(y(s)))> ( 1:[ VI/Q(@(?J(S))))

i=k—d—1

Yo—d—1>Yp—q—1 € Zn
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The second and third equality are a little bit tricky. Consider the second equality — since
we are squaring the sum ranging over y,_q_1 € Zy, we get N? pairs, represented by the
two variables, denote them yj,_4_; and y;._,_,, both ranging over Zy. So in the y,_, , part
of the pair, yx_q—1 should be replaced by y;._,_;, which can be done by adding the element
k —d—1 to the set S.

Now consider the third equality. We now see that the expression can be greatly sim-
plified, since we in the first component are taking product over all S C {k —d, ..., k — 1},
and in the second we are taking product over the same subsets with k£ — d — 1, so we are
actually considering all S C {k—d—1,...,k—1}, and we can thus rewrite the whole thing
as (4.2.2) and then return to the expected value notation. This finishes the proof. O

Corollary 4.2.3. With J; and P, defined as before we have for all k > 1

k—2
k— k—2—d
BT < e [T 1R

d=0

Proof. From the lemma we have
| Th—a|” < Pooy iy

and
|Jk73‘2 < Py_oJk_2,

and puting this together we get
2
| Ji—s® < [Prcal? | Jimal?® < Jua Peoi PRy

Doing this k£ — 2 times gives the desired result. ]

4.3 Von Neumann’s theorem

We are now ready to begin the proof of the main theorem of this chapter. In the ergodic
theoretic proof of Szemerédi’s theorem a version of von Neumann’s ergodic mean theorem
(theorem 3.1 in [3]) is used. The proof of Green and Tao is inspired by the ergodic theoret-
ical proof of Szemerédi’s theorem, and so they need a version of von Neumann’s theorem
in their setting.

The original von Neumann’s ergodic mean theorem (see for instance [14]) works in quite
a different setting than ours, but we still have an average converging to a constant.

Theorem 4.3.1 (Von Neumann in pseudorandom measures). Let v be a k-pseudorandom
measure, and let fo,..., fr_1: Zny — R be functions such that

|fi(o)] < v(z)+1
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forall x € Zn and 0 < 5 < k —1. Let cg,...,cx_1 be some permutation of some k
consecutive elements of {—k+1,...,—1,0,1,... .k —1}. Then
k—1
E (HO file +er) | z,r e ZN> =0 (03}%-1 ||fj||Uk1> +o(1).
]:

Remark 4.3.2.

Proof. We can use lemma 2.3.7 to replace v with v/ = (v + 1)/2 in the theorem, and thus
reduce |f;(z)| < v(z) + 1 to |fi(z)| < V/(z) where f} = f;/2. By permuting the ¢; and f;
we may also assume that

inf | fillge—s = [ follywr

1<j<k-1

and by shifting = by c¢or we can assume that ¢y = 0.
To use the lemma we proved before we need to define some ¢;’s such that ¢; is inde-
pendent of the i-th coordinate for all <. Define ¢y, ..., ¢p_1 : Z?V_l — Zn by

k-1
C;
Gily) = (1 -~ —) i
=1 <
fori=0,...,k—1 where y = (y1,...,yx—1). Now notice that

Go(y) =y1 + -+ Yk
and
$i(y) = x(y) + cir(y)
for i > 0 where x(y) = y; + -+ + yr_1 and

Notice also that ¢;(y) does not depend on y; for all ¢ since the term involving y; will have
the coefficient (1 — ¢;/¢;) = 0 and hence cancel out, so we are in a situation where we can
use lemma 4.2.2. Now define the J;’s and P,’s like in that lemma.
We now want to prove the following 4 statements.
r,r €l N) ,

< (14 o0(1))Jy-1,

1.
k—1
J() =E (Hfj(&?"—Cj?”)
j=0

9k—1

| Jo
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3.
S =E[W(h) ] fletw-h)|zelyhezi|,
we{0,1}k-1
where
k—1
Wn)=E| [] [[v¢w+wh)|n.. . . y—2cZy
we{0,1}k—1 =0
and y = (yla---aykfmx_yl ... —ykq)-
4.

E(W(h -1 ] filz+w-h)|zcZyheZi"| =o(1).

we{0,1}k-1

Let us first prove these 4 statements, and then afterwards show that this is enough to
prove the theorem.

1. Define @ : 75 — 72 by

D(y) = (z(y), —r(y))-

We now want to prove that ® is a uniform cover (see definition 2.4.1). It is certainly
surjective so we just need to prove that #®7 (21, 20) = #2571 /#7323 = N* 3 for all 21, 2 €
Zyx. This can be done using linear algebra since ®~!(zy, z5) is the solution (y1,. ..,y 1)
to the following system of equations:

ZL=yt et Ykt

2y = Cflyl + -+ C;;ll?/k—y
Since all the ¢;’s are non-zero and different this systems has full rank and the solution-space
will have dimension & — 1 — 2 = k — 3 and hence have N*~2 elements.

Define for j = 0,...,k — 1 the functions g; : Z3, — Zy by g;(z,7) = f(z + ¢;r). Since
® is a uniform cover we get

E (1:[ gz, )

J=0

x,r € ZN) =E (1:[ 9;(®(y))

and using the definition of the g;’s and ® we then obtain

k—1 k-1
E (H filx+c¢jr) | z,re ZN) =E (H fi(¢5(y))

fo—
yEZN1>7

y € Zﬁv—l) : (4.3.1)
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(VAS Z?V1> .

T, r e ZN> = Jo,

Now notice that by the definition of J; we have

Jo=E <1:[ fi(oi(y))

Combining this with (4.3.1) we get

k—1
E (H fj (I’ + er)
j=0

which concludes 1.

2. Recall that

P;=F IT  veaa®) | yezity € Z4

for d < k — 1. By assumption v is k-pseudorandom, so it satisfies the (k2*~% 3k — 4, k)-
linear forms condition, and by remark 2.3.3 it also satisfies the (2¢, k —1+d, k)-linear forms

condition for all d < k — 1 since all the parameters are smaller. Now if d > 1 we enumerate
the subsets S C {k —d,...,k— 1} with 1,2,3,...,2¢ and define ) : Z?\,’Hd — Zn as

Vi, Y) = a1 (y*))

for all 4. If d = 0 we say that S can only be the empty set. Using the (2¢, k—1+d, k)-linear
forms condition on the ;s gives us

Py=E [T vana®) | ye iy €z | =1+001)

for all 0 < d < k — 2. corollary 4.2.3 now gives us

k—2

< Jp—1 H | Pyl

d=0

ok—1 ok—2—d

’J0| = Jk_1(1+0(1)),

since the o(1) term is allowed to depend on k.

3. Recall that W : Z% — R is defined by

k—1
W(.Z',h) =E H HV1/2<¢Z(y+wh>> Yi,-- - Yk—2 € Z]\7

we{0,1}5—1 i=0
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where wh is the coordinatewise product, which is the vector in Z’fv_l with (wh); = w;h;,
and where y = (Y1, ..., Yr_2,% — Y1 — - — Yr_2). Now let y, € Z~! be fixed and consider
the expression

E(W(h) ][] fletw-h)|zclyhelicly

wef{0,1}k-1

BB I TIv"0+eh)

wE{O,l}k71 =0

Yty -5 Yr—2 S ZN

x € Zn,h € Zh

H folx +w-h)

we{0,1}k—1

By 4. in proposition 2.2.5 we see that we can put the whole thing in one expected value.
Now we rewrite the product to only take the product over w € {0,1}*~! once instead of
twice to get

Bl I <fo<:v +w-h) 1:[ V2 iy + wh>>>

we{0,1}k-1

TyYty - ooy Yr—2 S ZNahE Z?\[il

(4.3.2)
We now want to prove the following claim.

Clatm. We have
{po(yN) | SC{1,....k =1}, € Z Y ={z+w-h|we {0, 1} hezk '} (43.3)

where x = ¢o(y).

Let ¢o(y*) be an element of the LHS. Now let w € {0,1}*~! be defined by w; = 15(i)
and let h € Z5™ be defined by h; = v} — ;. Then

rtw b=y 4ty L@ —v) = > v+ > i = oy,

€S i€SC

s0 ¢o(y™)) is also an element in the RHS of (4.3.3) with the specified w and h.
Now let # + w - h be an element in the RHS. Let S C {1,...,k — 1} be defined by

1€S8 <—= w;, =1

and let ¢y € Z?V_l be defined by vy, = h; + y;. Now the exact same calculations as above
gives us that  +w - h = ¢o(y*®) which proves the claim.
In the same way we can prove that

YD SC{l,... k—1}y e Z Y ={y+wh|we {0,1} 1 h e Zh).
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Due to these one-to-one correspondences we can now rewrite (4.3.2) as

el 11 <f0<¢o<y<s>>f[ul/2<¢i<y<s>>>>

SC{1,... k—1}

T Y1y Yo € Zn,Y € Z?{l

which is equal to Ji_.

4. Since we have assumed that | fo(z)| < v(z) for all z € Zy it is enough to prove that

ElW(h-1) ][] viE+tw-h

wef{0,1}k-1

x € Zn,h€Zh | =0(1).

If we consider the LHS squared, we see by Cauchy-Schwarz (corollary 2.5.4) that it is
smaller than

E|W(h) -1 J[ ve+w h

wef{0,1}k-1

x € Ty, h € Zh

x E H v(z4+w-h)

wef{0,1}k-1

v €Zn,heZh |,

and it is hence enough to prove that this is o(1). So if we can prove that

E(Wh) -1 [] ve+w-h)|zeZyhezi | =00 (4.3.4)
wef{0,1}k-1
and
El J] ve+w-h)|zeczyheZi'| =1+o0(1), (4.3.5)
wef0,1}k-1

we are done, since (14 o(1))o(1) = o(1).
Now condsider the LHS of (4.3.4). Expanding out the square we get that this expression
can be rewritten as

x € Zn,h € Zh

E H vir+w-h)

wef{0,1}k-1

—2E | W(z,h) H v(r+w-h)

we{0,1}k-1

x € Ty, h € Zh

+E | W(x,h)? H v(x+w-h)

we{0,1}k—1

v €Zn,heZh |, (4.3.6)
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so it is enough to prove that each of the three expected values is 1+ o(1) because then the
above expresseion is 1 4+ o(1) —2(1 4+ o(1)) + 1 + o(1) = o(1). Since the last term is equal
to the LHS of (4.3.5), this also takes care of proving (4.3.5) as well.

Consider the first term in (4.3.6). Since v is k-pseudorandom, it satisfies the (k2% 3k—
4, k)-linear forms condition and hence also the (2871 k, 1)-linear forms condition. Now
define 2871 linear forms Z% — Zy (one for each w € {0,1}*71) by

(l‘,hl,...,hkfl) |—>x+w-h,

where h = (hy,...,hx_1). Then the linear forms condition gives us that the first term in
(4.3.6) is 1 + o(1) as desired.

Now consider the second expected value in (4.3.6). First we need to notice that we can
write W (z, h) in another way, namely as

k—1
Wah)=E|[[ ] v@w+wh)|v. .. .;m—2eZn], (4.3.7)
i=1 wG{O,i%k_l

because if we first interchange the two products, and then recall that ¢; is independent of
the i-th variable we see that it does not matter if w; = 0 or w; = 1, so if we only take
product over the w’s with w; = 0 we just need to take v(¢;(y +wh))/? squared each time.
Once again we now use the fact that v is k-pseudorandom, so in particular it satisfies

the (2872(k + 1), 2k — 2, k)-linear form condition. We now want to define 2*=2(k + 1) linear
forms and the use the linear forms condition on these. The variables on which we want to
define the forms are z, hy, ..., hp_1,91,- .-, Yr_2. Define the first 28~ linear forms (one for
each w € {0,1}*71) by

(x,hyy oo he1, Y1y Yk—2) — T+ w - h,
and define (k — 1)2%=2 linear forms (one for each 1 <4 < k—1 and each w € {0, 1}*~! with
w; = 0) by

(l’, hl, Ce 7hk—1; Y1y .- 7yk—2) — gbz(y + wh)
where h = (hy,...,hg_1), the ¢;’s are as defined in the beginning of the proof and y =
(Y1, -+, Yk—1) where yp_1 = x — y; — -+ - — yx_2. Note that these are linear forms because
the ¢;’s are linear forms. This gives us 2! + (k — 1)2*72 = (k + 1)2*7! linear forms in
total, so now we just need to see that there linear forms actually is what we are looking
for. Using (4.3.7) and 2. in proposition 2.2.5 we now get that

E | W(x,h) H vz +w-h)

we{0,1}k-1

x € Ly, h € L5

xayla"'vyk—QGZNahGZ];v_l 5

B[] [ vt [ vetwh

=1 we{0,1}+1 we{0,1}F-1
w;=0
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so with the linear forms we picked above and using the linear forms condition we see that
this is 1 + o(1) as we wanted.

Now consider the last term of (4.3.6). Here we will need the full magnitude of the pa-
rameters of the linear forms condition, namely the (k2¥~1, 3k — 4, k)-linear forms condition.
First define (k — 1)2¥=2 linear forms (one for each 1 < i < k — 1 and each w € {0, 1}}1
with w; = 0) by

(33, hi, ... hi—1,y1,- .. 7yk72,y’1, cee ,y;_g) = ¢i(y+Wh)-

where h = (hq,...,hg_1), the ¢;’s are as defined in the beginning of the proof and y =
(Y1, ..., Yr_1) where yp_1 =2 —y; — - -+ — Yr_o. Then define (k — 1)25=2 linear forms (one
for each 1 <i <k —1 and each w € {0, 1}*~! with w; = 0) by

(.’L‘, h17 . ~ahk717y1> cee 7yk*27y/17 s 7y;cf2) = ¢l(y/ +Wh)

where y' = (y},...,y,_,) and y , =z —y} — - — 4, _,. Finally define 2*=! linear forms

(one for each w € {0,1}*7! by

(;E,hl,...,hkfl,yl,...,yk,27yi,...,yl/€72) |—>x—i—wh

Now we have (k — 1)2572 4 (k — 1)2%72 + 2k=1 = k2%~ linear forms and these are actually
exactly the ones we needed. The term we are considering contains W (z, h)?, so let us
consider this for a moment. Using (4.3.7) and proposition 2.2.5, 5., we get that

k-1 k—1
Whr?=E|]] [I wvey+on)]] v(g;(y' +w'h))
i=1 wE{O,l](»)k*I J=lw'e{0,1}+~1

w;= w!/=0

yla--'7yk727y/1>"'7y;g—2 EZN) .

Using this and 2. in proposition 2.2.5 to put the whole thing under one expected value we
get that the third term of (4.3.6) is the expected value over the product of the linear forms
we have defined, so using the linear forms condition we get that this is 1 + o(1), which
concludes the proof of 4.

Now we have proven the 4 claims, and all we need to do now to finish the proof is
to show that these 4 statements together implies the generalised von Neumann theorem.
Recall that we need to prove that

k-1
E (H fj(l’ + Cj?”)
7=0

x,rGZN> :O< inf \|fj||Uk_1>+o(1).

0<j<k—1



4.3. VON NEUMANN’S THEOREM

By 1. we get that the LHS is equal to Jy so by 2. we get

2k71

k—1
E(Hfj(x—l—cjr) x’TGZN> =J§H < Jp1+o(1).
5=0
Now by the definition of the U*~!-norm we have that
k—
Vol =B I sle+w-n)|erezy

wef{0,1}k-1

so using 3. and 4. we get that

o) =E | W(h) -1 [ fla+w-h)|zeciyhezi!

we{0,1}k-1

=E|W(z.h) [] fletw-h)|zelyheZi"| —|fl

we{0,1}k-1
2k71

= Ji—1 — [ foll e -

Inserting this in (4.3.8) gives us

ok—1

k—1
T, rE ZN> < ”fOHQU’@*l + O<1)7

k—1
E (H fj(ﬂf + Cj'f’)
j=0

but recall that we in the beginning of the proof permuted the ¢; and f; such that

[ follgw—s = _f ([ fjll e,

1<j<k-1

so taking 2*~!'th roots on both sides of (4.3.9) conludes the proof, because

Va+ Vb so
k—1
E (H filx +¢;r)

This finishes the proof.

2k71

:E,TEZN)
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(4.3.8)

(4.3.9)

a+b <

k—1 /
< (165 +0) ™ < follgss +o(D).






Chapter 5

Dual functions and basic Gowers
anti-uniformity

The results and concepts of this and the following chapter will be used to prove proposi-
tion 7.1.2 which will then be used to prove Szemerédi’s theorem in pseudorandom measures
(theorem 3.1.2).

5.1 The dual space of U

When d > 2 we let U? denote the normed vector space of the functions Zy — R with
norm ||-|| ;. We showed that this is a norm in the preceeding chapter when d > 2. Now let
(U%)* be the dual space which consists of linear mappings U? — R. I now claim that each
function ¢ € (U?)* can be considered as a unique function f : Zy — R by the equality

o(9) =E(fg)

for g : Zny — R. Note that this claim actually is the Riesz representation theorem in our
setting, if we see g — IE(fg) as an ’'integral’ with respect to a 'measure’ f. See [11] for
several fomulations and proofs of the Riesz representation theorem.

Let us now prove the claim. Each f : Zy — R certainly gives us a ¢ € (U%)* in this
way since g — [ (fg) is linear. Let ¢ € (U%)* be given. Now define f : Zy — R by

f(i) = No(e;)
for ¢ € Zx where ¢; : Zy — R is the function defined by

M@:{l if 2 =i

0 otherwise °

Since both g — ¢(g) and g — E (fg) are linear it is enough to prove that they are equal for
g=-¢; foralli=1,... N becuase the e;’s span the vector space of all functions Zy — R.
We see that

E (fe) = 1 () = 0(e)

37



38 CHAPTER 5. DUAL FUNCTIONS AND BASIC GOWERS ANTI-UNIFORMITY

and we are done. So there is a bijection from the dual (U¢)* the functions Zy — R. The
dual norm is usually (see for instance [10]) defined as

0]l = sup{[e(9)] | 9 : Zn — R, ||gllya < 1}.

Using the bijection given by our new version of the Riesz representation theorem this norm
can be seen as a new norm on the functions Zy — R defined as follows.

Definition 5.1.1 (The (U4)* norm). Let f : Zy — R. Define the (U%)* norm by

£l way: = supt[E(f9)l | 9 : Zn — R, [lgllyra < 13-

This is a genuine norm, which can be proved by straightforward calculations. We now
proceed with the definition of the dual function.

Definition 5.1.2 (The dual function). Let F' : Zy — R. We define the dual function
F*:Zn — R of F by

Fiz)=E| [] Fl+w-h)|hezi"|,

wef{0,1}k-1
w#0

where w # 0 means that w # (0,...,0).
The following lemma give us some properties of the dual norm and the dual function.
Lemma 5.1.3. Let F : Zx — R. Then we have
2k—1

E(FF) = |F|%., (5.1.1)

and )
* ok—1_1
| F* | imsys = IF I (5.1.2)

And if we assume that |F(z)| < v(z)+ 1 for all x € Zn where v is k-pseudorandom then
[F* || 0 <221 4+ 0(1). (5.1.3)
Proof. First we want to prove (5.1.1). Consider the LHS. By the definition of F'* we have

E(FF)=E|F@E| ][] Fl+w-h)

wef{0,1}F1
w#0

h e 75! reZy|,

and since the factor we omit in the product is the one where w = 0, F'(x) can be seen as
this omitted factor and then put the whole thing in one expected value to get

EFF)=E| ][] F@+w-h)

we{0,1}k-1

heZit o ecly
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which by definition is ||F H?]k,:l.
Now consider (5.1.2). If ' = 0 we are done since 0* = 0 so we may assume that " # 0.
If we can prove that

k—1_
B (FFI) < F g 1 s (5.14)
for all f:7Zyx — R we have

k—1_
1E | -1y = sup{|E (FE | Zn = Ry [ fllgees <13 < [ F s

so let us prove (5.1.4). Define a {0, 1}*~!-sequence of functions Zy — R by

fw:{f ifw=20

F  otherwise.

Then the Gowers inner-product of this sequence is

(fo)wegoays—1) =E | f() H Flr+w-h) |z €Zy,heZi!

we{0,1}F-1
w#0

=E|f@E| ][] Fa+w-h)|heZi'||vely

we{0,1}+1
w#0

=E(f(2)F"(z)),

and by the Gowers Cauchy-Schwarz (proposition 4.1.3) we thus get that

E (f(2)F"(2)) = ((f)oetonyi—) < Il 1FZ

as desired. Now we need to prove that
* 2k—1_1
IE™ [ gaye 2 N1 ([gnr -

If we in the set of which we are taking supremum pick f = ||F||;s F then ||f|| s = 1

and
2k71

E(fF*) = [[F g

by (5.1.1) so
k—1_
sup{|E (fF)| | f: Zn — R, | fllpems < 13 > | F |5

which concludes the proof.
Finally we want to prove (5.1.3). Let v/ = (v + 1)/2. We have

F(a)| < 20/
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since 2" = v+1. Now it is enough to prove that v"*(z) < 14 0(1) uniformly for all z € Zx,
because then

[E™ || oo = sup |[F*(x)]

TEZN
= sup |E H F(rx+w-h)|heZi?
oL we{0,1}k-1
w#0
< sup E H 2V (x+w-h) | heZi |,
vElN we{0,1}41
w#0
and by (5.1.2) this is equal to
221 sup v*(x)
TEZN

which is smaller than 227" ~1 4 o(1). As seen before v*(z) can be written as

E [ vVe@+w-h)|hezyt], (5.1.5)

we{0,1}k-1
w#0

but since v is k-pseudorandom, lemma 2.3.7 gives us that v/ is k-pseudorandom so it
satisfies the linear forms condition. The (271 — 1,k — 1, 1)-linear forms condition with the
2%=1 — 1 linear forms (one for each w # 0)

h—w-h+x
then gives us that (5.1.5) is 1 + o(1). O

5.2 Gowers anti-uniform functions

Definition 5.2.1 (Gowers anti-uniform functions). Let v be k-pseudorandom. A function

G : Zn — Ris called a Gowers anti-uniform function with respect to v if there is a function
F :7Zxn — R such that |F(z)| < v(z)+ 1 for all x € Zy and G = F*.

Remark 5.2.2. When we assume the existence of a Gowers anti-uniform function G, we will
often just denote it F* right away and omit the G.

Lemma 5.2.3. Let d > 1 and let P be a polynomial of degree d with real coefficients
on K wariables, and let Fy,... Fy be Gowers anti-uniform functions with respect to a
k-pseudorandom measure v. Then

IPCEY, s Fill 1) = Orcap(1)-



5.2. GOWERS ANTI-UNIFORM FUNCTIONS 41

Proof. First we may WLOG replace the F; with F};/2 for all j and because of lemma 2.3.7
replace v with (v + 1)/2, and we may therefore assume

()] < v(a). (5.2.1)

By linearity and the triangle-inequality we get that it is enough to prove the lemma when
P is a monomial, and if some variables appear with higher power than 1, we can repeat
that variable and thus increase the number of variables in P, so

P<5C17~--733K) =T TK.
So we need to show that
||P(F1*7 s '7F[>’;'>||(Uk—1)* - OK(l),

since both the degree of P and P itself now only depends on K. By definition of the dual
norm we have to show that
E(fF - Fi) = Ok(1)

for all f: Zxy — R with [|f]|jx-: < 1. Using the definition of the dual function we can
write the LHS as

K
Elf@]]E| [] F@+w-h)|hezZi'| |zczy]|. (5.2.2)
=1 we{0,1}F-1

w#0

Now define a map ® : Z5~* x Z5k — 75! by ®(h, H) = h+ H. This map is surjective,
and

#07 (x) = #{(h, H) € Ziy ' x Zig " | h+ H = o} = N*,
since for each h we can find exactly one H such that h + H = x, so ® is a uniform cover
and (5.2.2) can be rewritten to

E|lf@)][E| [] Fle+w h+tw H)

i=1 | wefo1}k-!
w#0

hHeZi | |z ey

by lemma 2.4.2. We can now move the variable h to the outer expected value by 2. in
proposition 2.2.5. For each 4 in the product we denote H by H*. This gives us

K

E f(x)HIE H Filzx4+w-h+w-H)
i=1 wef{0,1}F1
w#0

H e 7| | v € Zy,h € Zh?

(5.2.3)
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Now define for each (H',..., H¥) = H € (Z*)% and w € {0,1}*"! a function fo.ir Y

fw,ﬁ:{ f ifw=20

g, otherwise

A

where w- H = (w- H',...,w- H") and

Now we want to prove that (5.2.3) is equal to

E (<(fw,H)we{0,1}kfl>kal | He (Zlf{l)K) .

By definition of the Gowers inner product and 2. in proposition 2.2.5 this is equal to

©€Zy,helZt He (2545

E H fwﬁ(x—irw%)

wef{0,1}k-1

Recall that when w = 0 we have f 5 = f and f, 5 = g..m otherwise, so the above
expression is

x€Zy heZ He (ZHE |

E | f(z) H g, +w-h)
we{0,1}+-1
w#0

and recalling the definition of g this is

K
Elf@ I J[FG@+w H+w-b)|ceZyhez' He @y
we{0,1}F-1 =1
w#0

Changing the order of the products this is equal to

K
E|lf@) ] [] Fe+w-H+w h)|zeiyhH, . . H ez’
i=1 e{0,1}+~1
w#0

Using 2. in proposition 2.2.5 once more we get

K
E|lf@][E| [] Fe+w-htw-H) H, . HeZ'| |zvelyhell’
=1 we{0,1}k1

w#0
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but notice that the expression

H Filz+w-h+w-H)

we{0,1}+1
w#0

is independent of H’ when j # 4, so by 3. in proposition 2.2.5 we can omit all the H’
where 7 # 7 and get

E|lf@][E| [] Fe+w htw -H)| HcZ'| |zelyhezi" |,

i=1 we{0,1}F-1
w#0

so we have the equality

E(fF; -+ F) = B ({(foiocqory—rhons | B € (Z5)F).

Recall that what we need to prove is that the LHS is Og(1). By the Gowers Cauchy-
Schwarz (2. in proposition 4.1.3) we can bound the RHS by

El ]] He (z5H5 ]

we{0,1}k-1

fw,ﬁ‘

Uk-1

and recalling the definition of f 4 this can be written as

EfIflger TT Moalw | He @y
we{0,1}k-1
w#0

So to finish the proof we need to show that this is Ok (1). But || f||x-: < 1 so it is enough
to prove that

Ef I loalpe: | He @y | =0k

we{0,1}+1
w#0

Now notice that the LHS can be seen as the L'(Z%)-norm of

He [ lowalp
we{0,1}F-1
w#0
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so by using Hoélders inequality (lemma 2.5.3) we get

E{ [ losallpes | #e@FhH"
we{0,1}F~1
w#0

k—1_
< ]I E(ng.gllzmll

we{0,1}F-1
w#0

2k—1_1
fre <z§z-1>f<) |

and it is therefore enough to prove that each of the factors on the RHS is Ok(1) because

the number of factors only depends on k and Og(1) is allowed to depend on k. So let
we{0,1}F—

0 " be given. We want to prove that

2k=1-1
B (ng.gllml

i e <Z§V—1>K> — Ok (1),

where we can omit the outer exponent because it only depends on k. Since

gk—1
T |z 2P

is convex, we get by Jensens inequality (lemma 2.5.2) that

ok—1
k—1_ A~ _ k—1 ~ _
E <ng.ﬁHim—1 V| H e (Z 1)K> <E <ng.HH2Uk—l H € (Zy 1)K>
so it is enough to prove that
k—1 A~
B (H%HH?JM e (Z’XFI)K> = Ok(1). (5.2.4)
Now consider the map (Z5 )% — Z% defined by

H—w-H. (5.2.5)
I now claim that this is a uniform covering. The preimage of a M = (my,...,mg) € Z% is

{He (ZEYE|H-w=M}={(H',...,HS) ¢ (Z5HE | H - w = m; Vi}
and we need to show that this set has cardinality

H(IS ) JHTE = (D) /N = (VE-2).
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Now write H' = (Hj,..., Hi). The size of the pullback of M is the number of solutions
(HY,..., HX) to the following system of equations

mq :w-Hl :lell—i-ng;—i—---—f—wk_lH,i_l

mK:w-HK:lef(+w2H2K+~-+wk,1H,fil.

But since w # 0 there is one ¢ such that w; = 1. So for each [ = 1,..., K we can pick H}
freely in Zy when j # 4, and H! has to be

Hil =m; — le{ — ngé — = wi_lHZ-l_l — Wz‘+1H¢l+1 — = wk_lH,i_l,
so we can pick each H' in N*~2 different ways and thus pick H = (H',..., HX) in (N*2)K

different ways. So the map defined in (5.2.5) is a uniform covering and we can rewrite the
LHS of (5.2.4) as

2k71
]E (ngl ..... uKHUk—l

By the definition of the Gowers norm and the definition of g,

Ul,...,UKEZN).

ur this can be written as

-----

x € Zn,h € Zh

K
E|E H HFZ-(J:—Fui—i-h-cD)

©e{0,1}k-1 i=1

Uy, ..., ug € Zy |,

which can be written in one expected value. If we also change the order of the products
we get

E H H Fiz+u+h-o)

i=1 oe{0,1}k-1

TyUpy ..., UK EZN,hGZﬁ,_l

Noticing by 8. in proposition 2.2.5 that we can omit all the u; where i # j because
F(z +u; + h - ®) is independent of those we now get

w€Zn| |2 €Zyn heZh!

K
E([[E( J] F@+u+h-o)
i=1

we{0,1}k—1

By (5.2.1) we now get that it is enough to prove that the above expression is Ok (1) with
all the F}’s replaced by v, i.e. that

K

E|E H vic+u+h-o)

@ef{0,1}k-1

u € Zn x € Zn,h € Zh | = Ok(1).
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Now notice that for fixed z, x + u runs through Zy when u runs through Zy so we can
replace x + v with a new variable y which runs through Zy, and then omit the z. So it is
enough to prove

K

E(E| [] vy+h-@ heZkt | =0k(1).

@e{0,1}k-1

Yy € Ln

Now we want to apply the correlation condition (this is actually the only place in the
proof that the correlation condition is needed) on v which gives us that there is a function
7 :Zyn — RT such that

E (77) = 0,4(1)

for all ¢ > 1 and

E H v(iy+h-o)

we{0,1}k—1

yeZn| < Y, T(h-(@-))

&,0'€{0,1}F1
~ L

so we have
K
E\E| [] vy+h-o)|yezy h e Zk!
wef{0,1} k-1
K
<E Yo r(h(@-d)) hezkt|,
©,0'€{0,1}k-1

DA

but then the RHS is the K-th power of the LK(Z?V_I)—norm of the sum, so using the triangle
inequality we get that

K #
E Yoo r(h-@-a) h e Zk !
o,0'e{0,1}F1
QA<D

1
K

< E ((T(h @—-aMM" |he Z§V1>

O,&'e{0,1}k1
oA

So it suffices to show that
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for all @,&" € {0,1}*! with @ # &’. We now define a map 7% — Zy by
h—h-(0—-a).

We now claim that this is a uniform covering. If that is the case then

E ((T(h (@ —-a)”*

he Z’;V—l) =E (1(2)* |z € Zy) =E (%) = 0k(1)

and we are done, so it only remains to prove that this map is a uniform covering. Let
©,&" € {0,1}*! with © # &' and ¥ € Zy be given. We now need to prove that the
preimage of this x has cardinality N*=2. But the h € Z5 ' such that h- (& — &) = x is
exactly the h € Zk ! such that

r=hiwr+ -+ hp_10p_1

where @ — &' = (01, ..., wp_1) # 0 because @ # &'. If we consider this as a system of linear
equations it has non-zero determinant so the solution space has dimension k — 2, and it
has N*~2 solutions as we claimed. ]

Now we are ready to prove the following proposition.

Proposition 5.2.4. Let v be k-pseudorandom. Let K > 1 and let ® : I — R be
a continious function, where I = [—221@71,22’671]. Let Fy, ..., Fj be basic Gowers anti-
uniform functions and let v : Zn — R be defined by

Y(x) = O(F(2),. .., Fi(z)).
Then
E((v —1)¢) = oxa(1).

Furthermore, if ® ranges over a compact set E C C°(I¥) then
E((v = 1)¢) = ox,p(1).

Proof. As before, we may replace v with (v + 1)/2 by lemma 2.3.7 if we replace F; with
F;/2 for all j and hence get that
|Fj(x)| < v(z)

for all j and all x € Zy. Now let ¢ > 0 be given. By the Weierstrass approximation
theorem we get that there is a polynomial P : I — R on K variables, depending on K, ®
and e such that

|®(z1,...,2x) — P(z1,...,2K)|| = < €.

By (5.1.3) we see that
S 22k—1_1 + 0<1)7

sup F ()

TEZN
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so for large N we have F;(z) € I for all z € Zy and we may insert the F’s in both ® and
P to get that
H(I)(Ffa"'aFI*{)_P<F1*>"'7FI*{)HL°° <€

But then
< (24 0(1))e,
since E (v) =1+ o(1). And using lemma 5.2.3 we get that
||P(F1*7 R Fljﬁ()”(kal)* = OK,‘I%e(l)

because P and hence also the degree of P depends on ®, K and €. By lemma 4.1.4 we have
that

v = 1 gs = o(1).
And combining these two we get that

E((v — VP(FY,..., F})) = o DE (P(FY,..., Fy)) < o(1) [P(Ff.... Fio) | gy,
= 0(1)0]{@75(1) = OK’q;.,g(l)

So using the estimates we have found so far we get that

+[E((v=1PFY, ..., Fi))l = 2+ o(1)e + 0k0.(1)
and for sufficiently large N, this is smaller than 4e so we are done since £ > 0 was picked
arbitrarily.

Now let E C C°(I¥) be a compact set (in the uniform topology) and let > 0 be
given. We have

E C U By (1)

deck

where B,(n) is the open ball of radius n with center z. Since E is compact we also have

Ec | Bs(n)

deX

where X C F is a finite set. Now for each ® € X we have
IE((v = DO(FY, ..., Fg))| = ok.a(1)
Now let &' € X be the ® that makes the LHS largest. Then

[E((v = DY, .., Fi))| = ok0(1) = 0x.5(1)
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for all ® € X because our choice of &' only depends on E. Now let ¥ € E be given. Then

there is ® € X such that
[0 — @l e <.

Then
E((v = D)WY, .., FR) S [E((v = D)U(FT,... Fi)) —E((v = DO(FY, ..., Fg))|
+|E((v—1)®(F}, ..., Fr))|
<|nE (v —1)| + ok,p(1)

= OK’E(l)

because E (v — 1) = o(1). O






Chapter 6

o-algebras on Zy

6.1 Definitions and notation
Let us define what we consider as a o-algebra in this context.

Definition 6.1.1 (o-algebras and atoms). A collection of subsets B C 2%V is called a
o-algebra if

1. 0,Zy € B,

2. Ae B=7Zn\ A= AY € B,
3. ABeB=AUBE€B,

4. ABeB=ANBekB.

An element A € B is called an atom of B if A # () and A is minimal in B with respect to
inclusion

(BCAand Be B\ {0})= B=A.

Note that we only need to consider finite unions and intersections, since the set Zy is
finite and so every o-algebra will be finite.
The following lemma states that the atoms of a g-algebra forms a partition of Zy.

Lemma 6.1.2. Let B be a o-algebra and let Ay, ..., A, € B be the distinct atoms of B.
Then Az ﬂAj :Q) Zfl 7&],
A1U"'UAn:ZN,

B =4

el

and each B € B can be written as

for some I C{1,...,n}.

o1
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Proof. There are three things to prove. Assume that there are ¢ # j such that A;NA; # 0.
Now let B = A; N A;. By the definition of o-algebras we have that

@#B:AiﬂAjGB

and B C A; and B C A;. But by the definition of atoms this implies that A; = B = A,
which is a contradiction.

Now we want to prove that the atoms form a partition of Zy. Let x € Zx be given,
we will now find an atom that contains z. Let C| = Zy.

Now let ¢ > 1. If C; is an atom we are done, otherwise there is a non-trivial subset
Cl Cc C;. Ifx e O, let Ciyy = C!, otherwise let Cy,y = C; \ C! = CI N C;. Then
x € C;j1 € B, and we can increase ¢ by 1 and perform the step again.

If we continue like this, we will at some point end up with a C}; which is an atom,
because if not, the algorithm would go on forever and this would give an infinitely long
inclusion sequence

013023033"',

but there only are finitely many elements of B, so the algorithm will terminate with some
atom C; with x € C;, and we are done.

The last thing we need to prove is that each element B € B can be written as a union
of atoms. This can also be done by a recursive algorithm. Let B € B and define a tree
with B being the top node. Now if B is an atom, we are done. Otherwise there is a subset
B’ C B such that B’ € B. Notice also that B” = B\ B’ = B'“ N B € B by the definition
of o-algebras. Let B’ and B” be child nodes of B. Now if B’ and B” both are atoms, we
are done. If one of them is not, we can start the algorithm again with this one being B.
This gives a tree, which must be finite by the same argument as before, and where the
leafs are atoms whose union is exactly B since everywhere in the tree the child nodes form
a partition of the parent node. O

Notice also that we can define a o-algebra by giving a partition of Zx — the elements
of this partition will then be the atoms of the new g-algebra. Now we define the concept
of measurability of functions.

Definition 6.1.3 (Measureable function). Let B be a o-algebra. A function f : Zy — R
is measureable with respect to B if

f{z}) € B.
This is equivalent to saying that for all atoms A € B we have f(z) = f(y) if z,y € A.
This gives us the possibility to define conditional expectations.

Definition 6.1.4 (Conditional expectations). For a o-algebra B and a function f : Zy —
R, we define the function E (f | B) : Zy — R by

E(f|B)(x) =E(f(y) |y € B(x))

for x € Zy, where B(x) is the unique atom containing x.
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Proposition 6.1.5. The conditional expectation is linear and it preserves positivity and
constant functions. If f : Zxy — R and A € B we have

E(LJE(f | B)) = E(Laf), (6.1.1)
and if f is B-measureable for some o-algebra B then
E(f[B)(z) = f(z)
for all x € Zy.

Proof. The linearity comes from the fact that the expected value is linear, and the preser-
vation of positivity and constant functions is clear.

Now let f: Zy — R and A € B. It is enough to prove (6.1.1) for A € B being an atom
because if Ay U---U A; is a partition of A then

EMLE(f]B) =EQALE(f|B)+---+E(14E(f | B))
=E@af)+ - +E(14f) =Eaf).

By definition we have

E(LE(|B) =5 3 L)z & )
TELN yeB(zx)

Now notice that if z € A then B(z) = A. So the above expression can be rewritten to
1 1
N > 1A(£)ﬂ2f<y) =E(LLE (f(z) |z € 4)).
TELN yeEA

By proposition 2.2.5 this is equal to E (1a(x)f(y) | * € Zn,y € A). Notice now that the
map Zy X A — Zy defined by (x,y) — z is a uniform cover because the pullback of an
element x € Zy is {x} x A which has cardinality #A. This gives us

E@a(x)f(y) |z € Zn,y € A) = E(1af)

as desired.
Now assume that f is B-measureable. Then

E(f1B)(x) =E(f(y) [y e B(x))

and for all x € Zy we have that f(y) = f(x) for all y € B(x) so the above expression is
equal to

E(f(z) |y € B(z)) = f(x).
O

We now prove that measurable functions act as constants in conditional expectations.
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Lemma 6.1.6. Let f,g: Zy — R and assume that [ is B-measurable. Then
JE(g|B)=E(fg]|B).

Proof. Since f is constant on all atoms of B we have for a given = € Zy that f(y) = ¢ for
all y € B(z) and hence

E(fg|B)(x)=E(f(y)g(y) |y € B(x)) =E(cg(y) | y € B(x)) = f(x)E (g | B).
0

The following corollary tells us that any B-measurable function is orthogonal to its own
orthogonal compliment.

Corollary 6.1.7. Let f,g: Zny — R and assume that [ is B-measurable. Then

E(fg—fE(g]Bk)) = 0.
Definition 6.1.8 (Union of o-algebras). Let By, ..., B, be o-algebras. Then we define

Q&Z&vmv&
1=1

to be the o-algebra generated by By, ..., B,, and we define it by saying that the atoms of

this o-algebra are the sets

mAiu

i=1

where A; is an atom of B; for all ¢ = 1,...,n. Not all expressions of this form gives an
atom though since some of the intersections can be empty and () is by definition not an
atom.

6.2 Two propositions

Proposition 6.2.1. Let v be a k-pseudorandom measure, let 0 < e < 1,0 <n < 1/2 and
let G:Zy — I =[=22"",22"""]. Then there exists a o-algebra B.,,(G) such that

1. For any o-algebra we have

IG =E(G [ BV Bey(G))p~ < e

2. B.,(G) has O(e™t) atoms.

3. If A is an atom of B.,(G) then there is a continous function W4 : I — [0,1] such
that

E((1a = ¥a(G))(v +1)) = O(n),
and W4 € E., C C°(I) where E.,, is compact and independent of G,v, N and A.
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Proof. Let e, and G be given as in the proposition. Consider the following expression

1

/ D B (Lmonta)ementan(G@)(v(x) + 1) | 2 € Zy) do. (6.2.1)

0 nN€Z

Now define
Lo =G He(n—n+a),e(n+n+a)).

Then (6.2.1) can be rewritten as

/ SOE (L, (5)(v(z) + 1) | 2 € Zy) dov

neZ

For fixed a and sufficiently large n we have I, , = 0, so the sum is finite and we can
therefore interchange expected value and sum. Since n < 1/2 the I, ,’s are disjoint for
fixed @ and we can write the sum of indicator functions as an indicator function over a
union to get that the above expression is

1
/]E (Lpg, (2)(v(z) +1) |z € Zn) da, (6.2.2)
0
where
Mo = | Ina
nez,
Now let

E, = [ JIe(G(x) —n —n)e(G(x) = n +1)]

nez
for x € Zy. Then
L, (7) = 1g, (@)
forall 0 <a <1and x € Zy. So (6.2.2) is equal to

1

E | (v(z)+1) / lg,(a)da|zeZy | . (6.2.3)

Notice now that if we fix x € Zy, then « can only be in a set of the form [e(G(z) —n —
n),e(G(x) —n +n)| for at most one n € Z because 0 < o < 1 and hence

1

/]lEz(a) da < 2enp < 2n
0
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for each © € Zx. So (6.2.3) is smaller than
2nE(v(z)+ 1|z € Zy),

and since v is a measure we have E (v) = 1+ o(1) so (6.2.1) is O(n). Now if the interior
function of the integral is not O(n) for any 0 < « < 1 then the integral could not be O(n)
so there must exist 0 < o < 1 such that

Z]E (E[E(n—n+a),€(n+n+a)](G(x>>(V($) +1) [z e ZN) = O0(n).

neZ

Let such an a be fixed. Now define the o-algebra B ,(G) to be the o-algebra with atoms
G ([e(n+a),e(n+1+a))),n €

Some of these might be empty (because we do not require that G is surjective and G only
takes its values in /) and will hence be discarded. The non-empty ones form a partition of
Zy because the intervals [e(n + «),e(n + 1+ «)),n € Z forms a partition of the real line.

If we let B be a o-algebra then any atom of BV B, ,(G) must be the intersection of an
atom from B and one from B, ,(G) and hence be a subset of G ([e(n + a),e(n+ 1+ a)))
for some n € Z, so on this atom G takes its values on the interval [e(n + «),e(n + 1+ «))
and so

|G =E(G | BV Bey(G)ll o = sup [|G(z) —E(G | BV B.y(G)) (2)]]

TEZN

= sup [E(G(z) = G(y) |y € (BV B.y(G))(x))]l

TEZN
<e

which proves the first claim in the proposition.
Now let
A=G"(e(n+a),e(n+1+a))
be an atom of B.,(G). Notice that G(x) € [ for all + € Zy so we may assume that
le(n+1+a)] <227 son = O(e!) since A would be empty for bigger |n|. This proves
the second claim in the proposition.

Let A and n be given as above. Now define 1, : R — [0, 1] such that 1, is continuous

and such that
1 ifn<z<1-—n

w"(x):{ 0 ife<—-nmorxz>1+n.
Now define ¥4 : R — [0, 1] by

w4@2¢4§—n—@. (6.2.4)

Recall that

> E (Letmonrayemin+a) (G@)) (W) +1) | 2 € Zy) = O(1).

MEZ
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Now if we can prove that

E((1a —Pa(G))(v+1)) < Z E (]l[a(n—n-i-a),E(n-i-n-&-a)}(G(x))(y(x) +1) |z € ZN) (6.2.5)

nez

we have

E((1a = Wa(G))(v +1)) = O(n),

which proves the last claim in the proposition. To prove (6.2.5) it is enough to prove that
there is an m € Z such that

ILA(x) - \IJA(G(-I)) < IL[z-:(mfnJrOz),z—:(ern+oz)}(G('CE))

for all x € Zx because all the terms in the sum on the RHS are non-negative.

If the LHS is 0 there is nothing to prove. The LHS is positive but < 1 when z € A
and V4(G(x)) ¢ [n,1 —n]. In that case we need the RHS to be 1 so we need G(x) €
[e(m —n+ «a),e(m +n+ «)] for some m € Z. But since z € A we have

G(z) € [e(n+a),e(n + 1+ )],

so we have G(x) € [e(m —n+ a),e(m +n+ «)] for m =n or m = n — 1. This proves the
claim.

Now recall that n = O(e™!) and 0 < a < 1 and recall that ¥4 only depends on n,, e
and 7. Now all of these parameters are bounded and their bounds depend only on ¢ and
n so we can find a closed and bounded (and hence compact) set Eem C Z x R3 such that
(n,a,e,n) € E.,. Now we can define a map E., — C°(I) such that (n,a,e,1) — ¥4 as
in (6.2.4). This map is continuous (if we use the product topology on the domain where we
on Z can use the trivial topology where all subsets are open) so the image is also compact.
Denote this image E., € C°(I), then we have U4 € E_,,. O

The following proposition is quite technical, but it states that given a pseudorandom
measure v and some Gowers anti-uniform functions we can define a o-algebra B from the
o-algebras we defined in proposition 6.2.1 from each of the functions. The conditional
expectation of each of these functions with respect to B will then not be far from the
functions themselves, and furthermore there is a set in B such that v + 1 will be small on
this set and such that the condional expectation of v — 1 will be small on the complement
of the set.

Proposition 6.2.2. Let v be a k-pseudorandom measure. Let K > 1 and let FY, ..., Fj
be Gowers anti-uniform functions. Let 0 < e <1 and 0 <n < 1/2 and let B.,(F}),j =
1,..., K be the o-algebras given by proposition 6.2.1. Let

K

B=\/B.,(F}).

=1
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If n < no(e, K) is sufficiently small and N > Ny(e, K,n) is sufficiently large then

7 B 18)]],. <

I

for 7 =1,..., K, and there exists a set () € B such that
E((v + 1a) = Ok(n'?)

and

(1 = 1)E (v = 1] B)l| o = O ().

Proof. The first claim follows directly from the first claim of proposition 6.2.1 since we can
write
B =B, (F;)V (\/ B.y(F)).
i#]

Now we proceed to the second claim. From proposition 6.2.1 we see that each B. ,(F7)
has O(e™!) atoms. Now recall that each of B’s atoms is an intersection of one atom from
each B. ,(F}),j =1,..., K, so we can safely claim that B has no more than O (1) atoms.
For the remainder of this proof we call an atom A € B small if

E((v+1)1a) < 9"

Now let 2 be the union of all small atoms. By the definition of o-algebras we then have
Qe B and

A small A small

E((V—i—l)ﬂg):E((V—l—l) > ILA> = ) E(v+1)1)

which is smaller than the number of small atoms times 1'/2, and since the number of
atoms is Ok (1) the above expression is O .(n'/?) which proves the second claim of the
proposition.

To prove the last claim it suffices to prove that

E(v(z)— 1|z € A) = o0kgen(1) + Ok (n"?), (6.2.6)

for all atoms A which are not small, because if we let €’ be the union of all the non small
atoms then

11 = 1Q)E (v = 1| B e = sup [1o(2)E (v(y) — 1|y € B(x))]

TEZN

=sup | > La(@)E(v(y) - 1|y € B(x))
T€LN A not small

< Y sup [E(La@)(v(y) —1) |y € B(2))|-

A not small TELN
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Now notice that the terms are zero when = ¢ A so we might as well take average over A
instead of over B(z), because when = € A then B(z) = A. Then the above expression is
equal to

sup [E((v(y) —1) |y € A)]

A not small TELN

and we now see that if we have (6.2.6) then this is smaller than the number of non small
atoms times ox . (1) + O (n*/?), and since there is Ok (1) atoms we get that the above
expression is O (n'/?) so

11 = L)E (v = 1| B)ll = = Ox.e(n'?),
which proves the claim. So let us prove (6.2.6). Notice that

E((v(z) — 1)1a(z) | x € Zn)

E(v(z)—1|zeA) = ZA/N (6.2.7)
_ E((v(z) = Dla(@) |z € Zy)
- EG) , (6.2.8)

and
E ((v(z) — Dla(z) | 2 € Zy) + 2E (14) = E((v(z) + 1)1a(x) | z € Zy) > n? (6.2.9)

because A is not small. Now we claim that we can use these two statements to prove
(6.2.6) if we have

E((v(z) — Dla(z) | x € Zn) = 0k (1) + Ok (1) (6.2.10)
because then we can use (6.2.7) to get

OK,E(l) + OK,s(n)

E(w(z)—1|zeA) = E(Ly) ;

and then use (6.2.9) to see that
E(14) > 2(E (v(z) — 1|z € A) +n'/?),
and combining these we get

ok e(1) + Oke(n)
2(E (v(z) — 1|z € A) +nl/?)

E(wz)—1|zeA) < = (0kcy(1) + Ok (n"?))

when N is sufficiently large and 7 is sufficiently small. So now we need to prove (6.2.10)
to finish the proof.

Since A is an atom of B we know that A = A;N---NAg where A; is an atom in B, ,,(£})
for i =1,..., K. So for each ¢ we get from proposition 6.2.1 that there is a continuous
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function W4, : I — [0, 1], because we get from lemma 5.1.3 that F} takes its values in I,
such that

B ([(La, = Va (F7)) (v + 1)]) = O(n).
Now define ¥4 : IX — [0, 1] by
Ua(r,. . ax) = Ua(21) - Ua, (250).
Then
E((Ta—=YalFy, .., FR))(w + D)) =E([(La, -+ Lage — Wa, (FY) -+ W (Fg)) (v + 1)]) -

We now want to prove that this is Ox(n). By induction it is enough to prove that it is
true for K = 2. Completing the square we get that

B (1(Tay1a, = W, (F7) W, (F3)) (v + 1)) S B ([(Tay = Wa, (F7)) (Tay — W, (F5))] (v + 1))
+E (114, = W, (F))Va, (F3)]) + E([(Ta, = W, (F5))Wa, (FT)[) . (6.2.11)

The first term can be bounded using Cauchy-Schwarz by

1/2

(E ((]]‘Al - \IIA1 (Fl*))z) IE ((I]‘AQ - \IJA2(F2*))2) ) )
And since |14, — Wy, (F7)| < 1 for i = 1,2 this is less than
(E (114, — Wa, (F7)) E (1Lay — Wa, (F5))"2,

which is O(n). We now need to consider the last two terms of (6.2.11). Let us consider the
second term. Since V4, (Fy) < 1 we have

E (114, = Wa, (F7)Ua, (F5)]) S E (J1a, — Wa, (F7)]) -

This is O(n) and the same argument shows that the third term of (6.2.11) also is O(n).
This finishes the induction step and hence the proof of the claim.
Since 14 — W4(FY, ..., Ff) > 0 we have

E(Jv =1/ [1a— Wa(F}, ... F)l) = Oxc(n).

As all W4, ranges over a compact set in C°(I%) independent of A;, ¥4 must also range
over a compact set so from proposition 5.2.4 we get that

E((v = D)Wa(FY, ..., Fg)) = ok.p(1),
where F = E., C C°(I¥) is the compact subset W4 ranges over. So we get
E((v —1)14) = Ox(n) — ox,p(1) = Ox(n) + 0c .1 (1),
as we wanted. Now 7 can be picked arbitrarily small depending on € and K, so this is
Ore(n) + 0, (1)
which finishes the proof. ]
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Furstenberg Tower

7.1 The Furstenberg tower

First we will prove the following rather technical proposition. This will be used to prove
proposition 7.1.2 which will be just what we need to finish the proof of Szemerédi’s theorem
in pseudorandom measures. The propositions of this chapter are, as the von Neumann
theorem in chapter 4, inspired by the ergodic theoretical proof of Szemerédi’s theorem [3].

Proposition 7.1.1. Let v be a k-pseudorandom measure, and let f : Zy — R such that
0< f(z) <v(x)

for all x € Zy. Let 0 < € < 1 be small and let K > 0 be an integer. Assume that n <
no(e, K) is sufficiently small and that N > Ny(e, K, n) is sufficiently large. Let Fy, ..., Fk :
Zyn — R satisfy

|Fj(@)] < (1+ Ok (n"?)) (v(2) +1) (7.1.1)

foralll1 <j< K andx € Zy. Let
B = Bey(FY)V -V B, (F). (7.1.2)
where B, ,,(F}),1 < j < K is as defined in proposition 6.2.1 (note that for this to be well-
defined, we need to prove that Fy, ..., F}y all take values in the interval [—22#1,22’“1] -

this will be proved in 3. of the proof of this proposition). Suppose that there exists Qi € Ziy
such that

E ((v+1)1g,) = Ox..(n"?) (7.1.3)
and
(1 = 1o )E (v = 1| Bi)ll o0 = Oc(0'?). (7.1.4)
Now define
Fri = (1 - QK)(f - ]E(f | BK))
and

Bii1 = Bg V B, (Fryq),

61
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and suppose that ||Fry1||gr-1 > /2 Then there exists a set Qry1 2 Qg such that the
following is true.

1. [|(1 = Lo )E (f | Br)llw < 1+ Oxe(n'/?),

2. |Fiia(2)] < (14 Oge(n'/?)(v(z) + 1),

3. E((v + 1)lay.,) = Oxe(n"?),

4. |1 =1 )E (v — 1| Bry1)|| o = Okc(n'/?),

5. B (|0~ Toe B (f | Bin)|’) 2 B (0~ 1o )E(f | Bol) +272 e

Proof. Let everything be given as in the theorem. Let us prove the 5 statements one at a
time.

1. From the triangle inequality and (7.1.4) we get that

(1= 1o, )E (v | B)llpee < [[(1 = Lo, )E (W — 1] Bg)l[pe + 11— Loyl
= 1+0K,5(771/2)'

We have 0 < f(z) < v(z) for all z € Zy so
11 = Lo, )E(F | Bo)ll g < (1= Loy )E (v | Bi)ll o = 1+ O (n'?),

which concludes 1.

2. From the definition of F 1 we get

[Fra(2)] = [(1 = Tax (2))(f(z) = E(f | Bx) (x))]
< (1= 1oy () f(@)] + |(1 = Loy (2))E (f | Bk) (z)|

for all x € Zy. Since 0 < f(x) < wv(x) and v(z) > 0 for all z € Zy we get
(1= Lok (2)) f(2)] < (1= Loy (2))v(2)] = (1 = Lok (2))v(2)
and from 1. we get that
(1= Ta, (@)E (f | Bx) (#)] <1+ Okc(n'?)
for all z € Zy. Putting these together we get
|[Freaa(2)] < (1= Lo (2))v(2) + 1+ Ox(n''?).
And since 1 — 1o, () <1+ O (n"/?) we get
|Fren(2)] < (14 Oree(n'?)) (1 + v(x))

as desired.
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3. First we need to see that if a € R we have

(aF)* = F [T oF@+w-h)|hezit| = ""1F" (7.1.5)

we{0,1}k—1 w=£0

From the assumptions and 2. we get that
[F5(2)] < (1+ Oke(n'/?)) (1 + v(x))

for 0 < j < K+ 1. Now let 0 < j < K + 1 be given. We define F; = F;/(1 + Og.(n"/?))
such that

Fi(@)| <1+ w(a)

and by lemma 5.1.3 we then get

LS 2271 4 o(1)

|7

and (7.1.5) then gives us

[ ]] e < (14 Oge(n/2)? 1221 4 0(1),

Now all constants are allowed to depend on k, so we have

2](771_

(1 + OK,6<n1/2)> f=1+ OK,€(771/2)

since 7 < 1. We can pick N as large as we want depending on K, ¢ and 7, so the term o(1)
can be put inside the O .(n'/?)-term, and we have

221671_10](76(771/2) _ OK,E(UI/Q)
again because the constant is allowed to depend on k. So all in all we get

I1£5

e 22T Ok (012, (7.1.6)

and this is true for all 0 < 7 < K + 1. So for sufficiently small  and € we can apply
proposition 6.2.2 on these functions — recall that they had to take values in the interval
[—22°7" 22°7"] 5o this ensures that we can define the og-algebras like in proposition 6.2.1.
From proposition 6.2.2 we now get a set ) € Bg 1 such that

E((v+1)1q) = Ok (n'?)
so if we now define Q1 = Qi U (2, then this finishes the proof of 3. because

E((v+1)1a,.,) <E((v+ Dlg) + E((v + 1)1a,) = Ok (n'?).
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4. The application of proposition 6.2.2 in the proof of 3. also gives us
(1 = 1)E (v = 1| Brs1)ll = = Oxc (')

Since the above expression can be seen as the maximum of E (v — 1 | Bxy1) on the set
Zy \ © and we have
Zn\ Qg1 CSZn\ Q

we get that
(1= 1o, )E(w—1] BK-H)“LO" = Ox(n'"?),

5. From the definition of F 1 we have

B ((1 = Law,)(f = E(f | Bo)Fre)| = [E (Frsr - Fiep)|

and by lemma 5.1.3 we get that

ok—1

‘E (FKJrlFI*{-i-l)l = HFK+1HUI¢—1 .

1/2k

Recall that we assumed || F41||x-1 > €%, which all in all gives us

E (1= Lo, )(f —E(f | B))Fie)| = €2 (7.1.7)
On the other hand we have
‘E ((I]‘QK+1 - ]]‘QK>(f -E (f ‘ BK>>FI*(+1)‘

<E ((]IQKJr1 — Lo, ) |f —E(f | Bx)| ’FI*(+1‘)
< || Fiesa] oo B ((Tagey, — Lay) [f = E(f | Bx)l) -

Since 7 is small (in particular n < 1) we get from (7.1.6) that ||FI*<+1HLO<> = Ok(1), so the
above expression is equal to

Oke(DE ((Tag,, — lag) [f —E(f | Bx)I). (7.1.8)
Since Q41 \ Qi € Zy \ i, we have
fl@) =E(f | Bx) () = Frq (@)
for all z € Q1 \ Q, so for all z € Zy we have
(Lo = Lag) 1f (@) = B (f | Bx) ()] = (Lawy, — lag) [ Fre (@)

which by 2. is (1 + Og..(n"?))(v(x) + 1), and since n < 1 this is Og.(1)(v(x) + 1). So
(7.1.8) can be rewritten as

OK,S(I)E ((]]‘QK+1 - ILQK)(V + 1)) 5
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and from 3. and (7.1.3) we get that this is O (n'/?). Putting everything together we get

[ ((Loge, = Lo)(f = E(F | Bo)Fier)| < Okc(n) (7.1.9)
We also have
E (1= Lo, )(f =E(f | Bx)(Frsr — E (Fry | Brsa)))|
< ||FI*(+1 —-E (F;;'—i-l | BK-‘rl)HLoo E ((1 - ]]‘QK+1) |f - E(f | BK)D )

and when we in the proof of 3. applied proposition 6.2.2 on Fj;_; we also got that for any
o-algebra B we have

HFI*<+1 _E(FI*(H | B\/Bam(FI*(H)) &,

Iy <

so if we let B = By we get
| Fresr — E (Fiesr | Ba)]| oo < e (7.1.10)
As before we can bound f — E (f | Bx) by (O-x(n'/?) +1)(v + 1) and thus get that
E (1= Lag,) [f =B | Bo)l) < (0-x(n"?) + DE ((1 = Lok, ) (v + 1)) .

Now since v is a measure, this is smaller than (O, x(1n'/?) 4+ 1)(2 + o(1)), so using this and
(7.1.10) we get that

E (1= Lap ) (f —E(f | B))(Fepy — E (Ficyr | Brs1)))|
< (O k() + 1)(2+0(1)) = O(e), (7.1.11)

if we pick n sufficiently small compared to ¢ and K.
Combining (7.1.7), (7.1.9) and (7.1.11) with the triangle inequality we get

IE (1= Lo )(f —E(f | B))E (Fieyi | Brya))| > €% = Ok o(n'/?) = O(e).
Now the LHS here is equal to

E (E (1= 1o, )(f = E(f | B)E (Fipy | B | Bior))

by proposition 6.1.5, and since 1 — 1o, ,E(f | Bx) and E (Fj,, | Bx41) all are By
measureable, this is equal to

E (1 = Lo, )E(f | Bry1) = E(f | Be)E (Fgyy | Biia)) -
By Cauchy-Schwarz (corollary 2.5.4) this is smaller than

1/2

E ((1 - Tae,) (E(f | Bx+1) —E(f | Bx))*)"E (]E (Fresn | 3K+1)2)1/2’
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and since
B (B (Fin | Ben)’) =B (Fin?)" < [Frallm <277+ 0xca)
by (7.1.6), so we get
E (1= Loy, )*(B(f | Bxa) —E(f | Bx))?)? = 272 V2 — 0k (%) - O(e).

Notice that the LHS is an L? norm as we defined it in the section about function spaces
in chapter 1. So we can write the above expression as

(1= Loy VE (| Biesr) = E(f | Br))|[ 2 2 278 12 = Oxee(n'/?) = O(e). (7.1.12)
If n is sufficiently small relative to K and € then E (f | Bx) < 2 outside Qx by 1. and
we get
H<HQK+1 - HQK)E (f | BK)H; <2 HHQKJrl - IlQKHi2
=2E (Lay,, — L)
< 2E (1oy.,)
<2E ((v +1)Lag,,)
= OK,E(n1/2)7

where we in the last equality use 3. Using this it is enough to prove that

H(l - ILQK-H)]E (f | BKJrl)”iz
> (|1 = Law, )E (F | Bie)|[ 52 + 2722 — Ok c(n?) — O(¥? (7.1.13)

to conclude 5. and hence the proof of the proposition. The difference between this and
5. is the L? notation, that we have Qg instead of Qi on the RHS and the extra error
terms. The L? notation does not make any difference, but will be a helpful way of writing
it, and the error terms can be absorbed by the 272+2¢ term, if we pick ¢ sufficiently small
with respect to k and 7 sufficiently small with respect to K and €. The last difference can
be overcome by using the calculations from before and the triangle inequality to get

H(l - ]]‘QK+1)E (f | BK)”iQ > H((l - HQKJrl) + (]lQK+1 - ]]‘QK))E (f | BK)H?}
— [T = Lo ) E(f | Be)|[7. = 1(1 = Lo B (f | Bi)ll72 = Ox-(n'),
so let us prove (7.1.13). The LHS can be written as
(0= Lo JE(F 1 Bre) + (1 = Ly, )JE(f | Bresr) =B (F | Bio))|| s

and then expanded as

(1= Lo )E (f | Bi)||5e + [|[(1 = Lo, VE(f | Brar) = E(f | Bo))||2
+2E (1~ Loy, )E (f | Bx) (1 = Lo NE(f | Bxr) —E(f | Bx))) -
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The first term is the term we want and the second term has been proven to be greater than

(272 = Ok () = 0(9)) = 277 e — Ok (n'?) = O(e),

so if we can prove that the last term is O -(n'/?) we are done. Notice that (1 — 1o,,,)* =

(1 = 1q,.,) so we can rewrite the last term as

E (1= Lo, )E(f | Bx) (E(f | Bi1) —E(f | Bx))) - (7.1.14)

Now we see that (1 — 1g, )E (f | Bx) is Bx-measurable and hence in particular B -
measurable, since Bk is a sub-o-algebra of Bx .1 so from corollary 6.1.7 we get

E((1 =1 )E(f | Bg) (E(f | Bk1) —E(f | Bk))) =0

because we have

E(f | Bxy) —E(f | Bx) =E(f | Bx+1) = E(E(f [ Bx) | Br1)-
Subtracting this from (7.1.14) we get

E ((Lax — Loy, )E(f | Bx) (E(f | Bk41) —E(f | Bk))) -

Since Qi C Qg this might be negative, so we continue our calculations WLOG (since
we are only interested in bounding it) with the negative of this, namely

E ((Iaxs — Lo E (f | Bx) (E(f | Bry1) — E(f | Bk))) - (7.1.15)

Now (Lo, — Lo, )E(f | Bx) is Bxii-measurable, so if we once again use corollary 6.1.7
we get

E (Log,, — Yo )E(f | Bx) (f =E(f | Bx11)) =0,
and adding this to (7.1.15) gives us

E ((Log,, — Lo )E (f | Bx) (f = E(f | Bx))) - (7.1.16)

If x ¢ Q we get from 1. that if 7 is sufficiently small with respect to ¢ and K we have
E (f | Bx) (z) = Ok..(n'/?) < 2, so the above expression can in absolute value be bounded
from above by

2E ((]‘QK-H - I]‘QK) |f —E (f ’ BK)') :
Now 0 < f(z) < v(x) by assumption so this is smaller than
2E ((ILQKH - 191{)(” +E (V | BK))) ’

and from (7.1.4) we get that if x ¢ Qg then E (v | By) (z) = 1+ Ok (n'/?) < 2 when 7 is
sufficiently small with respect to € and K, so the above expression is bounded by

4E ((HQK+1 - ]]‘QK)(V + 1))

since v is positive. This expression is O, x(n'/?) by (7.1.3) and 3. which concludes the
proof. O
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The above proposition will be used to prove the following proposition in an algorithmic
way. As mentioned this proof is inspired by Furstenberg’s ergodic theoretical proof of
Szemerédi’s theorem [3], but in that case the algorithm was not guaranteed to terminate
and they needed the axiom of choice to conclude the proof. But in our case the algorithm
is guaranteed to terminte in a bounded number of steps.

Proposition 7.1.2. Let v be a k-pseudorandom measure, and let f : Zn — R satisfy
0< f(z) <v(x)

forallz € Zy. Let 0 < e < 1 and assume that N > Ny(e) is sufficiently large. Then there
exist a o-algebra B and a set Q2 € B such that

1. ]E(VI]_Q) = 05(1),
2. (1 =1)E (v =1 B~ = o-(1),

3. (1= L) (f = E(f | B))llper < V2.

Proof. We will prove this by constructing an algorithm. It starts out with the trivial o-
algebra and a set in it (actually () that satisfies 1. and 2., and if it does not satisfy 3. we
iterate using the preceeding proposition to extend our o-algebra and find a set in it such
that 1. and 2. are still satisfied, and this time maybe also 3.. We continue like this until
all conditions are satisfied.

So we need to specify the technical details of the algorithm, and argue that it terminates.
Let € > 0 be given, and let Ky = [22k /e + 1]. We will pick the parameter 0 < n < ¢ later,
but it is assumed to be sufficiently small depending on € and K.

Step 1 Initialize K =0,Q0 = 0,8y ={0,Zy} and F; = f — E(f).
Step 2 If we have [|Fiy1| g1y > /2" then define
Bri1 = B V Bey(Fiey1)

and use proposition 7.1.1 to get a set Qg1 2 Qk in Bi 1. Otherwise let 2 = Q) and
B = Bg and terminate the algorithm. Define Fxyo = (1 — 1o, ,)(f —E(f | Bx+1)).

Step 3 Now increment K to K +1. If K > K, we terminiate with an error. Otherwise goto
Step 2.

Let us consider the conditions 1. and 2. with error term O, x(1'/?) on the RHS instead
of 0.(1). Because if we let i be sufficiently small then we can replace O, x(n'/?) by o0.(1).
We can ignore K since K < Kj which only depends on k£ and €. So we are considering the
alternative conditions

1.’ ]E(IJHQ) = 057[((771/2),
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27 [|(1 - 1o)E (v = 1] B)|lp = Ocxc(n*?).

First of all we need to prove that conditions 1.” and 2.” valid with the initial values,
and then that it is preserved after an iteration. When K = 0 we have E (v1lg) = 0 which
certainly is O, x(n*/?) and

(1= 10)E (v = 1| Byl = [E (v = D]l = E(v = 1) = 0o(1) = O (n"?)

for sufficienly large N by the definition of a measure. So both conditions 1. and 2. are
satisfied after the initialization. Now assume that the conditions 1.” and 2.” are satisfied
for K. We now want to prove that they are satisfied for K +1. We got the Qi1 and Bk
from proposition 7.1.1, and this proposition also gives us, that 1.” and 2.” are satisfied for
K+ 1.

We also see that if the algorithm terminates without an error we have proven the
proposition, because then 3. is also satisfied. So what is left to be proven is that the
algorithm terminates without an error — so it terminates after at most K steps. So assume
that we have reached the Ky'th step. Now define for 0 < K < K|

2
Ex =|(1 = 1o )E(f | Bx)ll72 -
From 5. in proposition 7.1.1 we get that
EK+1 Z EK + 2_2k+1€

forall 0 < K < Ky so
Ex, > Ko2 % *'e > 2

But from 1. in proposition 7.1.1 we also get

Ex <1+ Og.(n'?)

for all K, so for sufficiently small 1 depending on N and ¢ (again we can ignore the
dependency on K because K < Kj) these two bounds contradict each other. This concludes
the proof. O

7.2 Proof of Szemerédi in pseudorandom measures

Now let us return to the proof of theorem 3.1.2. Let us first restate the theorem

Theorem 7.2.1 (Szemerédi’s theorem in pseudorandom measures). Let k > 3 and 0 <
0 <1. Letv:Zy — R" be a k-pseudorandom measure and let [ : Zy — R satisfy

0< f(z) <v(z)

for all x € Zn and

E(0)f) <o



70 CHAPTER 7. FURSTENBERG TOWER

Then we have

EO f@)f@+r)---fla+(k=1)r) | z,r € Zy) = c(k,0) = ors(1),
for some constant c(k,0).

Proof. Let f and ¢ be as in the theorem. Let 0 < ¢ < ¢ be a parameter which we will
specify later. From proposition 7.1.2 we now get a o-algebra B and a set ). Now let

fu=0-1a)(f —E(f|B))

and
for=(1-1a)E(f|B).
Since Zy \ 2 € B we can use proposition 6.1.5 to get
E(frr) =E(1-1)E(f [ B)) =E((1—-1o)f)
and from the assumptions on f and I. in proposition 7.1.2 we get that

E((1-Q)f) > E(f) - E(vlg) > § - o.(1)

E(fy.) > 6 —o.(1). (7.2.1)

From the triangle inequality and proposition 7.1.2 we get that

[frellpee <N = 1)E (v | B)||
<A =1)E@ =1 B~ +EQ | Bl =1+0:(1). (7.2.2)

Now we want to use Szemerédi’s theorem, theorem 3.1.1, but f;;1 does not satisfy the
conditions since we might have E (fyr) < 6 and || fy1]/;~ > 1, but the difference is no
more than o.(1), so from the triangle inequality there is ¢ : Zy — R such that g satisfies
the conditions of theorem 3.1.1 and

[ for =gl = 0:(1)

and
E (fUL - g) = 05(1)'

Using Szemerédi’s theorem (theorem 3.1.1, and this is the only place we use this theorem)
we now get that there is a constant ¢(k,d) > 0 such that

E(g(z)g(z+r)---g(z + (k=1)r) | 2,7 € Zyn) = c(k,0) — ox5(1).
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And since || fyr — g||; = 0:(1) and ||g||;~ = 1 + 0-(1) we have (recall that the constant
in the o(1) terms are allowed to depend on k)

for@) fur(e+r)-- fr(e+ (k= 1)r) —g(@)g(z +7)---gle + (k= 1)r)
= for(@)for(z+r) fyr(z + (k=1)r) = (9(x) +Os( Ng(x+r)--glz+ (k—=1)r)
+oc(Dgle+r)---gle+(k—1)r)
= Joe (@) (Jur(@+r) - fro(e+ (k= D)r) —g(z +7)---g(@ + (k= Dr)) + o.(1).

Now we can use the same trick to get
for(x+r)- fu(le+(k—=1Dr)—gle+r) --glx+ (k—1)r)
= for(@+7r) (fre(@e+2r) - fur(z+ (k=) —gle+2r) - g(z + (k= 1)r)) +o:(1),

and then insert this. If we continue like this we end up with

for@) for(w+r) - fur(e+ (k= 2)r)(fur(z+ (k= 1r) —g(z + (k = 1)r)) + o(1)
which is o.(1) because || fyr — gl = 0-(1) and fy+ is bounded. So
E(fyr(z)for(@+r)-- fur(z+ (k= 1r) | x,r € Zy) > c(kd) —os(1) —0-(1). (7.2.3)
We know that
I = Lo (W) fll oo < M fllze < W[l o0

for all x € Zx and from 2. in proposition 7.1.2 we get
[for = Ul < (1= Lo)E(w = 1] B)|[ e = 0c(1),

SO
1fell e <1+ 0:(1).

Combining these estimates we get that

[follpe <N =1a)fullpe = (1= 1a)f + forllpe < IVlpe + 1+ 0c(1).

Here we want to use the new von Neumann theorem, theorem 4.3.1, with some f; = fy and
some f; = fyi. The f;’s that are equal to fy. satisfies the conditions for theorem 4.3.1
since

[fosllpee <14 0(1) < [l +1

for sufficiently small epsilon. But once again the estimates are not good enough for the
fi’s that are equal to fiy. But we can use the same trick as before to giveusa h: Zy — R
such that || f — h||; = 0-(1) and then use h. By the same argument as before this gives
us an error term o(1) in the final result, so we have

k—1
E (H filw+jr)

. 0<j<k—1
Jj=0

S ZN) =0 ( inf ||fj||Uk_1) +o(1) + 0-(1) (7.2.4)
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where each f; is either fy or fiyo. Now recall that from 3. in proposition 7.1.2 we get that

1l < e

so if at least one of the f;’s are equal to fy, the infimum on the RHS is < £1/2" and the
RHS of (7.2.4) can be rewritten to

O(E"™) + 0:(1)
because the two o-terms can be written together. This gives us

B (ﬂ filw+ )

=0

x,r € ZN) = 0(61/2k) + 0:(1) (7.2.5)

whenever each of the f;’s is equal to either fy or fy. and at least on is equal to fy.
Now let f = fu + fyr = (1 — 1q)f. Consider the expression

E <f(a:)f(a:+r)~~f(m+(k— V) | z,r € ZN) .
This can be written as
Z E (H fulz + jr) HfUJ_(.CU + zr))
SC{01,..k—1}  \j€S i¢s

where i ¢ S means i € {0,1,...,k— 1} \S. When S = () we get a term that is equal to
the LHS of (7.2.3) and for all other S at least one of the factors in the expected value is
fu so we can use (7.2.5) on all of these terms. So we get

E (f(x)f(x 1) flz+ (k—1)r) |2, € ZN) >k, ) + 0s(1) + O(£Y?) + 0.(1).

By the definition of f we get that
0< f(z) < f(x)
for all x € Zy so
E(f(x)f(x+7)-- flz+ (k= 1)) | z,r € Zy) > c(k,6) — 05(1) + O(eY*) + 0.(1).

The term O(g'/ 2k) can be picked arbitrarily small because € can be picked arbitrarily small
and o.(1) can also be arbitrarily small when N is sufficiently large, so the whole thing can
be written as

E(f(x)f(x+7r)---flx+(k=1)r) | x,r € Zn) > c(k,d) — 0s(1)

which is what we wanted to prove. O



Chapter 8

Construction of a pseudorandom
measure

In this chapter we want to construct a k-pseudorandom measure v and a function A with
support in the primes such that v majorises A. As mentioned in chapter 3, this is what
we need in order to use the modified version of Szemerédi’s theorem to give us arithmetic
progressions of arbitrary length in the primes.

8.1 Definitions and notation

Recall that we defined A : N — R in the following way.

Definition 8.1.1 (The modified Von Mangoldt function). Let w(N) be defined by
w=w(N) = loglog N

and let
W =w(©n)=]]r

p<w

Now define A : N — R* by

d>(WV;f) log(Wn+1) if Wn+ 1 is a prime
0 otherwise

for n € N.
We now have the following lemma, which we have used in the proof of the theorem.

Lemma 8.1.2. With A defined as above we have

> A(n) =N(1+0(1)).

n<N

73
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Proof. We define
W)= > logn,

n<zx,n prime power
n=1 mod W

and

O(x,W,1) = Z log n.
n<x,n prime

n=1 mod W

We now rewrite 3 A(n) by adding and subtracting the same term

> An) =) An) ——)w(NWJerl)Jer/z(NWJerl)
= %9(}\71&/ +1,W,1) — %w(NW +1,W,1) + %www +1,W,1).

As it is common in analytic number theory we define

= logp,

p<w

Z log p.

pm<xz

and

We now have

Y(x) = 0(x) + 0(z /%) + -+ 0(z/™),
where m is the largest integer such that 2'/™ > 2. So m = |log, x| and we have

logy

0 <¢(x) —O(x) = > 0(x'"") <logy(z)6(x"/?).

i=2
By the prime number theorem we have

0(z) =2+ 0 ((LA) (8.1.1)

log x)
for any A > 0, so 0(z'/?) < x'/2log(z'/?) for sufficiently large z. Now

Vi (logx)?

] 172y <

and we have thus proved the bound

Vi(logz)*

0< () —0a) < 58
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This is also valid when we consider ¥ (z, W, 1) and ¢(z, W, 1) instead, so using this we get

o) s(W)

S OW + 1, W, 1) = S g (NW 1w, 1)
W) VNW (log NW)?
go(%v) ;ﬁQ ))§OWNngNWW.

since ¢(W) < W. Now W = €™ by the definition of w and W, and by (8.1.1) we have
0(z) =< 2z for sufficiently large z. So

W < e* = (loglog N)? < (log N)2.

Using this we see that

%H(NW +1,W,1) — %MNW +1,W,1) < O(VNW log(NW)?) = o(N).
Now we need to prove that
Ud)

w Y(NW 4+ 1, W, 1) = N + o(N).

We have by Siegel-Walfisz (see p. 124 in [7]) that

POVN +1,W,1) = 2N 0( WN )

o) log(Wh )2
for any A > 0. Letting A = 2 we get
p(W)
—YP(N 1 =N — ) =N N
W Y(NW 4+ 1, W, 1) + 0 Tog (N2 + o(N)
as desired. n

Recalling that the Mébius function g : N — {—1,0 — 1} is defined by

1 if n is square-free with an even number of distinct prime factors
pu(n) =< —1 if n is square-free with an odd number of distinct prime factors
0 otherwise

we define the Goldston-Yildirim truncated divisor sum in the following way.

Definition 8.1.3 (Goldston-Yildirim truncated divisor sum). Let R € R*T. We define
Ar:IN — Z by

Anln) = 37 uld)log(R/d)

dln,d<R

for n € N.
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Remark 8.1.4. Note that if we define log(z), = max(log(z),0) we have the identity

Zu )log(R/d)+

din

because the terms with d > R will not contribute to the sum.

Now we are ready to define a measure v, which we in this chapter will prove is k-
pseudorandom.

12—k—4

Definition 8.1.5. Let R = N*~ and € = We define v : Zy — RT by

Qk(k+4

Wlog R

v(n) = :
1 otherwise

where ¢ is Euler’s ¢ function.

Remark 8.1.6. For the rest of this chapter v, R, Ag, W and ¢ will be as defined above.

8.2 A proof that v is pseudorandom

Now proposition 3.1.3 follows from the following proposition, and this is hence the last
thing we need to prove to conclude the proof.

Proposition 8.2.1. Let N be a sufficiently large prime number. Then v is a k-pseudoranom
measure

v(z) > !

= k5 A(z)

for alleN < x <2eN.
To prove this proposition, we need to prove the following 4 claims.

1. We have v(z) > 0 for all z € Zx and

for all e N <z < 2eN.
2. v is a measure, ie. it satisfies E (v) = 1+ o(1).
3. The measure v satisfies the (k281 3k — 4, k)-linear forms condition.
4. The measure v satisfies the 2¢~!-correlation condition.

Let us prove them one at a time.
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1. ¥ majorises A

It is clear that v(x) > 0 for all z € Zy, so we just need to prove that

W) > oA )

for all eN < x < 2eN. If Wx +1 is not a prime then the RHS is zero and we are done, so
let us assume that Wax + 1 is a prime. Then we need to prove

SV AR(W +1)° _ 6(W)

log(W 1
Wlog R — Wk2k+5 og(We +1)
which is the same as proving
AR<W.T + 1)2
> log(W 1).
gl = roers osWe+1)

Since eN < z < 2eN we have Wz + 1 = O(N log N) which is greater than R when N is
sufficiently large since R = N® with a < 1. So when Wz + 1 is a prime there is only one
divisor d of Wx + 1 such that d < R namely d = 1, so

Ar(Wz+1) =logR= k27" *log N

12—k:—4

and dividing by &~ we have to prove that

1
log N > 3 log(Wz +1)

which is true for sufficiently large N because W = O(log N).

2. U 1S a measure

To prove this we need the following proposition. For the proof of this proposition, we refer
to the appendix of [6].

Proposition 8.2.2. Let m,t € N. For each 1 < i < m, define linear forms 1; : Rt — R
by

t
wi(xb e ,ilj’t) = Z Lijxj + bl
7=1

where (L;j) is an integer m X t matriz such that no row is a rational multiple of another

row and such that
w(N)

|Lij| <

foralli=1,....mand j =1,...,t. Let ; = Wip; +1 fori =1,...,m. Assume that
B C R' is a product of t intervals I; C R such that each of the intervals has length at least
RY™_ Then

E (Ar(61(2))* - Ap(0(2))* | 2 € B) = (1 + 0my(1)) (

ey
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To prove 2. we apply proposition 8.2.2 with m = ¢ = 1 and B = [eN,2eN] for
sufficiently large N. This gives us

E (AR(91($>)2 | z € [eN, 25N]) = (1+0(1)) (WlogR)

(W)
and recalling the definition of v this is equivalent to
E(v(z) |z € [eN,2eN]) =1+ o(1).
But since v(x) =1 for x ¢ [eN,2eN| we get
E(v(z) | x ¢ [eN,2eN]) =1,
and combining these we get
E(v(z)|x€Zn)=14o0(1)

which is what we wished to prove.

3. v satisfies the linear forms condition

We now want to prove that v satisfies the (k281 3k — 4, k)-linear forms condition. So let
t
1/)2'(1'1, Ce ,th) = Z Lijl'j + bZ
j=1

for i = 1,...,m be m linear forms such that m < k2F~! ¢ < 3k — 4 and such that the
L;;’s are rational numbers with height < k. Furhtermore no row of the m x t-matrix (L)
is a rational multiple of any other row. By the definition of the linear forms condition
(definition 2.3.2) we need to prove that

E (v(1(2)) - v(hm(x)) | 2 € Zy) =14 0pu(1). (8.2.1)

The denominators of the L;;’s are all smaller than % in absolute value, so if we multiply
all the L;;’s by k! we clear the denominators and get the new bound |L;;| < k-k! < (k+1)!,
and taking N sufficiently large we get

N
|Lij] < (k+1)! < #

which is required in proposition 8.2.2.
Now assume that Q = Q(N) is a function such that Q(N) — oo for N — oo, and
Q(N) < N. Let for (uy,...,ut) € Zg =7/QZ

N N
Buyoowy = {(21,...,1) € ZY | Lujaj <z < |(u;+ 1)6J forall j =1,2,...,t}.
We will now need the following lemma. It states that we can partition the set we are

taking average over into almost equally sized sets, take the average of these averages, and
then get the right result with a multiplicative error of 1+ o(1).
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Lemma 8.2.3. Let f : 7% — R and let BY,i € I be a partition of 7% such that #BY —
oo for N — oo for alli € I and

4BY — 4BY = 0(1)
foralli,j € I. Then
E(E(f(z)|ze By)|iel)=(1+01))E(f). (8.2.2)

Proof. We will just write B; = BY. Let b =E (#B; |i € I). Then #B; = b+ O(1) for all

3 € I and

11 o 1
E‘z‘—m—#(”

because b — oo as N — 00, so

1 1
B (1+ 0(1))3.

Using this on the LHS of (8.2.2) we get

% 2 #1B,~ 2]; fla) = % HIERUIDINE

iel iel z€B;
which is equal to (1 + o(1))E (f). O
Now notice that {By, . u, | u1,...,u € Zg} is a partition of Z%;, so due to lemma 8.2.3
we have that
E(E (v(¢1(x))v(ta(x)) - v(thm(x)) | © € By, owy) | U1y .- u € Zg) (8.2.3)

is 1+ o(1) times the LHS (8.2.1) since two boxes differ at most 2 in size, and since we can
pick @ such that () — oo for N — oo sufficiently slow, such that the sizes of the boxes will
go to co as N — oo.

So we need to show that (8.2.3) is 1+ 0,,+(1). We will need the following definition and
lemma.

Definition 8.2.4 (Nice t-tuples). A t-tuple (ui,...,u;) € Zg is called nice if for all
1 < ¢ < m we have

Yi(Buy...u,) C [N, 2eN] or Vi(Buy...w,) N[N, 2eN] = ().

.....

Lemma 8.2.5. When (uq,...,u;) € Z’b s mice we have
E (v(1(2)v () - - - v(m(2)) | 2 € Byy,y) =1+ Om,t(l)'
When (u1, ..., u) € Zg is not nice we have

E (v(¢1(2))v(a(@)) -+ - v(m(2)) [ € Buy, ) = Ot (1) + 0m (1)
and the proportion of non-nice tuples (uy, ..., u;) € Zg is Opy(1/Q).
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Proof. Suppose that (uq,...,u;) is nice. Then due to proposition 8.2.2 we have

E (w1 (2))v(ha(x)) - - v(m(2)) [ 2 € Buy ) = 14 0me(1)

because we can replace each v(¢;(z)) by either

(W) 2
W log RAR(Wi(I»

or 1, and because if @ is sufficiently slowly growing in N, then N/Q > R'™ for sufficiently
large IV, so the conditions in proposition 8.2.2 are met.

Now assume that (uq,...,u;) is not nice. We now use the bound
¢(W) 2
o <1 Ag(w;
||V||L — + WlOgR R(w (x))
to obtain

E (v (o (2)v(@2(2)) - - - v(m(x)) | 2 € Buy,. )

Using proposition 8.2.2 again gives us

E <g1 vﬁgg%%(w(@)? |z € By, ) = 14 0p4(1),

so summing over all A gives us

E (v (2))v(2(2)) - v(¥m(2)) | # € Buy,u) = Om(1) + 0m (1)

because there are O, (1) such A’s.

We now need to prove that the proportion of non-nice tuples are O,,(1/Q). Suppose
that (uy,...,u;) is not nice. Then one of the ;(By,. ., ) has non-empty intersection
with the interval [eN,2eN], but is not completely contained in the interval, so there is
z,Y € By, ., such that

¥(x) € [eN,2eN] and Y(y) ¢ [eN,2eN].

But since L;; = O(1) both ¢(z) and ¢ (y) can be estimated by ¢ (uy,...,u;), and we hence
get

0(a) = 3 Lijlusy ) + b+ 0nalN/Q)
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and

0 = Y Lilus g )+ b+ Ond(N/Q)

where the error-term is of magnitude N/Q because that is the size of the box and is hence
the maximal distance the ¢’ht coordinate of = can be from |u; %J, and the dependence on
m and t is due to the size of the sum.

If ¥(y) < eN then
U(y) <eN < ()

and hence

€N = Z Lij Lu]gj + bz + Om,t<N/Q)
j=1

by the expressions for 1(x) and 1(y) we found before. If ¥)(y) > 2¢eN we get a similar
expression with 2e N on the LHS, so we have

acN = Z Lij LU]gJ +b; + Om,t(N/Q)
j=1

for either a = 1 or a = 2. Dividing by N/Q we get
t bQ
=" Liju; + 2 4 Opy(1).
CLETQ JZI Uy + N + ,t( )
None of the tuples (L;;)i_, are zero, so at most Op,t(Q*") tuples (uy,. .., u,) satisfy this

equation, and this is O,,,+(1/Q) of the possible tuples. ]

We now proceed with the proof. We have

(1= Om s (1/ Q) (1 + 0m1(1)) + Ot (1/Q) (Ot (1) + 0 (1)) = 1 4 0mi(1),

because we picked @ such that Q(N) — oo when N — 00 80 O,,+(1/Q) = 01,4(1), and due
to the lemma we have

E(E (v(¢r(x)) - v(@m(®)) | © € Buy,owe) | U1, -yt € Zg) = 14 0me(1),

which proves the claim.

4. v satisfies the correlation condition

We now want to prove that v satisfies the 2¥~!-correlation condition. To do this we will
need the following two lemmas. For the proof of the first one, we refer to the appendix of

[6]-
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Lemma 8.2.6. Let m > 1 be an integer and let B be an interval of length > R™™. Let
hi,...,hm € Z be distinct such that |h;| < N? for all i. Now define

A= [ Ihi—hyl

1<i<j<m

Then we have for sufficiently large N that

E (Ar(W(z 4+ hi) +1)*- - Ag(W(z + hy) + 1) | 2 € B)

=0t (S )

[T+ 0nt2)

plA
where the product is over all primes p that divides A.

Lemma 8.2.7. Let m > 1 be an integer. There is a function T, : 7 — R such that
Tm(n) > 1 for all n # 0, and such that

[[a+0ne™?) < > mlhi—hy)

pla 1<i<j<m
for all distinct hy, ..., hy, € [eN,2eN]|, where A is as in lemma 8.2.6 and
E (77,(n) [ 0 <|n[ £ N) = Omgq(1)
for all ¢ > 1.

Proof. By the definition of A we have

H(l + Om(pil/z)) < H (1+ Om(pil/Q))

because we might include a prime p several times on the RHS. We can now use the following
bound

Om (1)
IT a+one')<| [] a+p'?
pllhi—h;| pllhi—h;]
to get
Om (1)
[T+ 0mp?) < T a+p
plA 1<i<j<m \ p||h;—hy]

Now define 7,, : Z — R™ such that

Om(1)

Tm(n) = | [[+p71)
pln
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for all n € Z. By the arithmetic mean-geometric mean inequality we have

1 m
m Z T (hi — hj) > H T (h; — hj)(z) — H T (s — hj)Om(l)'
2 1<i<j<m 1<i<j<m 1<i<j<m

Using the definition of 7,,, this is

Om(1)

11 IT a+p'?

1<i<j<m \p||hi—hj]|

so T,, satisfies the desired inequality.
Now we need to show that

E|J[Q+p7%)% @0 <|n| <N | = Opngy(1)

pln
for all 0 < ¢q. Now for sufficientely large p (for all but O,,,(1) primes), we have
(14972000 < 1478,

SO

E|J[a+p)% @D [0<n| <N | <OngE [ [J@+p ") [0<n<N

pln pln
But multiplying out we get the inequality
H(l +p71/4) < Zd71/4’
pln dln

where we on the RHS only includes positive d. Notice that it is not an equality since the
RHS also includes divisors which are divisible by a prime power. Using this we get

1
E([[a+p @ 0<n|<N| < Oma(D 5y ooy an
pln 1<[n<N din

We see that d~'/* appears in this double sum 2N/d times for each 1 < d < N, because
it appears N/d times for the positive n and N/d times for the negative n, so the above
expression is

N
Om,q<1) Z d75/4 = Om,q(l)v
d=1

which concludes the proof. O
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Recall that in order to prove that v satisfies the 2¥~!-correlation condition, we need to
prove that for any 1 < m < 28! there is a function 7 : Zy — R* such that E (79) =
Opmq(1) for all ¢ > 1 and such that

E@(@+h) - vw+hy) | z€Zy)< > 7(hi—hy)

1<i<j<m

for all Ay,... h,, € Zy.
Let m be given. Then we define 7: Zy — R™ by

(n) = { Tn(n — [N/2)) ifn#0
exp(Cmlog N/loglog N) ifn=0

where C' > 0 is some constant we pick later, and we consider n—|N/2| € Zy in the obvious
way by identifying Zy with the integers between —N/2 and N/2. From lemma 8.2.7 we
see that
E(79(z) | £ # 0) = Om,4(1),
and since
exp(Cmlog N/loglog N)
N

the case x = 0 only contributes with o0,, ,(1), so we have E (79) = O,, (1).

Let us consider the case where at least two of the h;’s are equal. Now it is enough to
show that

_ NC’m/loglogN—l _ Om,q(l)a

E(v(z+hi)--v(@+hy) | € Zn) < exp(Cmlog N/loglog N)
by the definition of 7(0). We have
E@(@+h)-vz+hn) |z €Zy) < V|-

We now need to prove that

[V]| = < exp(Clog N/loglog N),
and from the definition of v we get

V]|~ < O(Ar(Wz +1)*/log R)
since ¢(n)/n <1 for all n. Now log R = O(log N') and

IAR(Wz +1)| <dWz+1)log(R)

where d(-) is the divisor function. From [7] (in their bound they use 2 as base for the
exponential function, but here we use e instead) have

dWz +1) < exp(C'log(Wx + 1)/ loglog(Wx + 1))
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for some constant C’, and since Wz + 1 = O(N log N) this is less than
exp (C"log(N log N)/loglog(Nlog N)) < exp (C'log N/loglog N)

for some constants C” and C.
Now suppose that all h;’s are distinct. Now define g : Zy — R by
(2) = (W) Ap(Wz +1)2

|44 log R

[5N,25N]<x)-
Then
v(z) <1+ g(x)
for all x € Zy by definition of v and hence
Ew(@+h) viec+hy) |z€Zy) <E(1+glx+h)) - (1+g(x+hn))]|ze€Zy).

The RHS can be written as

m}

AC{1,..., icA

Notice that if i, j € A with |h; — h;| > €N, then either g(x + h;) =0 or g(z + h;) =0, so
in the above expression we can assume in the sum that |h; — h;| < eN for all 4,5 € A. By
lemma 8.2.6, where we might have to increase N in order to have N > R we have

E (H g(z +hy) |z € ZN) < (L4 0n(1) [J(1+ Om(p™?))

i€A plA
and since |h; — hj| < eN we get
om(1) H(l + Om(p_l/Q)) = om(1).
plA

Using lemma 8.2.7 we now get

E (Hg(w +h)|ze ZN> < Y 7(hi = hy) + om(D).

icA 1<i<j<m

We now want to sum over all A, but in order to get the desired bound we need to scale
7 by a bounded factor, but this factor only depends on m, which is allowed due to the
contruction of 7 in the proof of lemma 8.2.7 as

O (1) JJ (X +p1/2)0m0)
pln

This concludes the proof of v satisfying the correlation condition, and hence the proof of
v being k-pseudorandom.






Chapter 9

Solutions in arithmetic progression to
linear equations

9.1 Introduction

In this chapter we will prove that we have infinitely many solutions to a system of linear
equations in a set with arbitrarily long arithmetic progressions if the null space of the
matrix has dimension at least 2 and contains (1,1,...,1). Due to the Green-Tao theorem
the primes is such a set and due to Szemeredi’s theorem [12] all subsets of the integers with
positive density are such sets. The results in this chapter are work of my own and an article
on the results [8] has the 16th of February been submitted to the journal INTEGERS:
Electronic Journal of Combinatorial Number Theory’.

The main result in this chapter is that the method here also gives us that for each of
the solutions the coordinates are in the same arithmetic progression, and that the sets that
contain arithmetic progressions of any length are exactly the sets that have infinitely many
solutions to a homogeneous system of linear equations whenever the sum of the columns is
zero. This gives us a new arithmetic structure on such sets, which gives a new formulation
of the Erdés-Turan conjecture.

Of already existing results on prime solutions to linear equations we mention two. Balog
[1] gave a lower bound on the number of prime solutions to a homogeneous system of linear
equations Mx = 0 if the matrix M has a certain admissible structure, the null space
contains a vector with positive coordinates and Mx = 0 (mod p®) has integer solutions
coprime to p for all prime powers p®. In particular he proved that if M is admissible and
(1,1,...,1) is a solution, then Mx = 0 has prime solutions. Choi, Liu and Tsang [2] has
considered upper bounds for prime solutions to ternary linear equations.

9.2 APs and GAPs

In this chapter we will see when a system of linear equations has solutions in a set that
contains arbitrarily long arithmetic progressions. Notice that this is in particular true for
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the primes.
Since we are considering aritmethic progressions, the following notation will come in
handy.

Definition 9.2.1 (Arithmetic progressions). Let k,d > 1 and a > 0 be integers. Then an
arithmetic progression (AP) of length k, base a and step d is the set

AP(k,a,d) ={a+ M |0 <\ <k}
Definition 9.2.2 (AP-set). Let A C N. We will call A an AP-set if there for any k£ > 1
exists a pair (a,d) € N? such that
AP(k,a,d) C A.
Remark 9.2.3. Notice that an AP-set contains infinitely many APs of any length.

Definition 9.2.4 (Generalized arithmetic progressions). Let d > 1, a > 0, by,..., b4 > 1
and Ni,...,Ng; > 1 be integers. Then a generalized arithmetic progression (GAP) of
dimension d, base a, step (by,...,bs) and volume (Ny, ..., Ny) is the set

{a+n1by + - -+ ngbg | 0 < n; < N; for all i}.

Remark 9.2.5. Notice that a GAP of dimension d, base a, step (by,...,bs) and volume
(2N; —1,...,2N; — 1) can be written as

{a"+n1bi+ -+ ngby | —N; < n; < N, for all i} (9.2.1)

where ' = a+ (N; — 1)by + -+ + (Ng — 1)bg.
Note also that the elements in a GAP might not be distinct, since we could have
n;r; = n;r; for some ¢, 7 with 0 <n; < N; and 0 < n; < N;.

We can construct a GAP of any dimension and volume from a sufficiently long AP, so
in particular an AP-set contains infinitely many GAPs of any given dimension and volume.
The following lemma is taken from [5] and gives us a little more than just GAPs in AP-sets.

Lemma 9.2.6. Any AP-set contains infinitely many GAPs of any given dimension and
volume such that each GAP is contained in an AP.

Proof. Let d and Ny,..., N, be given. Let
N = max N;

1<i<d

and let k = N Now let an AP-set A be given. Then there are infinitely many (a, m) € N2
such that AP(k,a,m) C A. Let one of these pairs (a,m) be given. Define r; for each
1 <i<dbyr;=N"'m. Then for any integers n,,...,ng such that 0 < n; < N; for all
we have

a4nri+ - +ngrg=a+nm-+nyNm—+---+ngN*'m

=a+m(ng +naN + - +ngN).
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And since 1 < n; < N; < N we have
n1+n2N—|—---—i—nde*1 < Nd

since this is the base N representation of the number. So now we have that each element
of the GAP is in AP(k,a,m). No two elements of the GAP are equal since that would
yield
ny +nogN + - +ngN“ =n) + 0N + -+ n, N
which implies n; = n} for alli = 1,...,d due to the uniqueness of the base N represenation.
O

9.3 Finding solutions in an AP-set

Using the existence of GAPs in AP-sets we can now find infinitely many solutions to
systems of linear equations in any AP-set.

Theorem 9.3.1. Let n > 3, m > 1, M € Mat,, ,(Z) and let A be an AP-set. Assume
that the solution space of

Mz=0 (9.3.1)
has dimension d > 2 and contains (1,1,...,1). Then (9.3.1) has infinitely many solutions
z=(21,...,2,) such that x; € A for all i, x; # x; for some i,j and all z; are elements in
the same AP.

Proof. The solution space of (9.3.1) can be written as
miry + moly + -« +mgry, m; €R

where r; = (1,1,...,1), 1, = (r1,...,7m) € Z" for 2 < i < d and 1,,...,1r; are linearly
independent over R. Now let N = max;;|r;;| + 1 and take a GAP of dimension d — 1
and volume (2N — 1,...,2N — 1). According to lemma 9.2.6 we can construct GAPs of
any given size such that it is contained in an AP. Now take such a GAP, and as we did in
(9.2.1) we write it as

{a+mn1by +---+ng_1bs_1 | =N <n; < N for all i}. (9.3.2)
Now

is a solution to (9.3.1) and each coordinate is an element in the GAP given in (9.3.2). Now
assume that the solution we have found has all coordinates equal. Then it is equal to cr,
for some ¢ € N so

(@ —c)ry + birg + ...+ bg_1r, = 0.

This is not possible since ry,--- , 1, are linearly independent. O
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9.4 Prime-like sets

theorem 9.3.1 gives us a sufficient condition to be able to find infinitely many solutions
in an AP-set. Let us now examine to what extend it also is a nescessary condition. To
examine this we need to require a bit more from our AP-set.

Definition 9.4.1 (Prime-like sets). A set A C N is called prime-like if for each AP(k, a,d) C
A with k > 3 we have ged(a, d) = 1.

Notice that the primes is prime-like because if we have a progression AP(k,a,d) in
the primes, then a is prime and d is even and not divisble by a, because if a|d then
ged(a +d,a) = a so a+ d is not prime..

Theorem 9.4.2. Let A be a prime-like AP-set, M € Mat,, ,(Z) and k > 3. Assume that
Mz=0 (9.4.1)

has infinitely many solutions such that for each solution (x1,...,x,) there is (a,d) € N?
such that
{z1,...,2,} CAP(k,a,d) C A.

Then (1,1,...,1) is a solution to (9.4.1).

Proo{. Let 1 <4 < m be given. Assume for contradiction that a; + --- + a;, # 0. Let
{(xgj ,...,xT(f)) | 7 € N} be the infinitely many solutions given in the lemma. For each
j € N there exist b; and d; such that 2 = b; + AP d; with 0 < A\Y < kforalll=1,...,n
since each :1:1(] ) is an element of AP(k, b;,d;). Inserting this in (9.4.1) we get that we for

each 7 € N have ' ‘

bj<aﬂ + -t ain) = —dj(aﬂ)\gj) + -+ CL”L)\EL]))
Since ged(b;, d;j) = 1, b; must divide a AP + -+ ap A so if we let C = |ait| + - - -+ |ain]
we have b; < Ck. Now

a1+...+an
a )\ + -+ a, A

4] = | < Ck

so the set {d; | 7 € N} is also finite. The solutions {(:cgj), . ,xﬁf)) | 7 € N} are therefore
taken from only finitely many APs of length &, and there can hence be only finitely many
of them. This is a contradiction against the assumption, and this finishes the proof. O

Combining this with theorem 9.3.1 we get the following.

Theorem 9.4.3. Let A be a prime-like AP-set and let M € Mat,, ,(Z) such that the null
space of M has dimension at least 2. Then there is a k € N such that the equation

Mz=0

has infinitely many solutions where for each solution, all coordinates are elements of the
same AP of length k in A if and only if (1,1,...,1) is a solution.



9.5. THE ERDOS-TURAN CONJECTURE 91

We now give an example of an application of theorem 9.3.1. This is a known result, see
for instance [5].

Corollary 9.4.4. Let an AP-set A and n > 1 be given. Then there exists infinitely many
n-tuples 1, ...,x, € A with x; # x; for some i, j such that

T+ -+,
n

e A

Proof. When n =1 it is trivial so let n > 2 be given. Consider the linear equation
T+ -+, —nxpe = 0.

From theorem 9.3.1 we know that this equation has infinitely many solutions x1, ..., 2,, x,11 €
A with z; # x; for some 7, j. Now for each of these we have
Tt @,
n
which finishes the proof. ]

= Tpt1 € A,

9.5 The Erdés-Turan conjecture

We have proven that in any AP-set we can find infinitely many solutions to any system of
linear equation, as long as the sum of the columns of the matrix is zero. This motivates
the following definition.

Definition 9.5.1 (Zero-solution sets). Let M € Mat,, ,,(Z) such that the sum of the
columns is zero and the null space of M has dimension at least 2. A set A C N is a
zero-solution set if the following is true for all such M. The equation

Mx=0

has infinitely many solutions x = (x1,...,%,) with zq,...,2, € A and x; # z; for some
1,].

Now theorem 9.3.1 can be formulated as follows: If A is an AP-set then A is a zero-
solution set. We now want to prove that zero-solution sets and AP-sets are the same.

Theorem 9.5.2. Let A C N. Then A is a zero-solution set if and only if A is an AP-set.

Proof. The ’if” part we get from theorem 9.3.1. Let n > 3 be an integer and let M €
Mat,,_2,(Z) be given such that the solution space of Mx = 0 is given by

mi(1,1,...,1) +mo(0,1,2,...,n—1), mq,mg € R.

Since A is a zero-solution set there are infinitely many solutions in A with my # 0. We
also see that such a solution is in A so it is integer and both m and my are hence integer.
Each of these solutions gives us an AP of length n. O
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This might be useful in proving or disproving the Erdos-Turan conjecture since we can
now formulate it as

1 i .
Z — =00 = Ais a zero-solution set.
a€A a
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