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Abstract

The main part of this thesis is a proof of the Green-Tao theorem which states
that the primes contains arithmetic progressions of any length. The proof follows the
original proof of Ben Green and Terrence Tao closely but contributes with quite a
lot of technical details that Green and Tao left out.

In the last chapter we consider sets with arbitrarily long arithmetic progressions,
AP-sets, and prove that a homogenous system of linear equations has solutions in
any AP-set if (1, 1, . . . , 1) is a solution and the solution space has dimension at least
2. This gives us a new characterization of AP-sets.
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Chapter 1

Introduction

Additive patterns in the primes is a field of research that has drawn much attention.
Famous open problems in this field are the existence of infinitely many twin primes and
Goldbach’s conjecture. It is believed that both of these conjectures are true, and heuristic
arguments suggest that they are true if the primes are randomly distributed in the right
sense. Of course the primes are not randomly distributed since there are no even primes
(except 2) and no primes divisible by 3, 5, 7, . . .. The general conjecture is that these
obstructions are the only ones that stops the heuristic argument, so there are no “secret”
patterns in the primes except for these obvious ones.

This thesis is considering a specific additive pattern namely arithmetic progressions
which are configurations of the form

a, a + d, . . . , a + (k − 1)d

for some a, d, k ∈ N. The heuristic arguments mentioned above also suggest that there are
arbitrarily long arithmetic progressions in the primes. Van der Waerden proved in 1927
[13] that if the integers are coloured with finitely many colours then there is a colour such
that there are arithmetic progressions of any length using numbers of this colour – this
result is not so interesting when considering the primes as a colouring, because then van der
Waerden only gives us long arithmetic progressions in either the primes or the composite
numbers and the composite numbers contains infinitely long arithmetic progressions, for
instance the even numbers.

A stronger result was proven by Szemerédi in 1975 [12], namely that any subset of pos-
itive (upper) density contains arithmetic progessions of any length. This theorem implies
Van Der Waerdens theorem since the numbers with at least one of the finitely many colours
must have positive density, but the primes have density 0 and so Szemerédi’s theorem says
nothing about the primes.

Ben Green and Terrence Tao proved in 2004 [6] that the primes contain arbitrarily long
arithmetic progressions and it is their proof of this theorem that this thesis will present.
The great open problem in this context is the Erdős-Turan Conjecture which states that
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6 CHAPTER 1. INTRODUCTION

we for A ⊆ N has

∑
a∈A

1

a
= ∞ ⇒ A contains arithmetic progressions of any length.

This conjecture would imply all the above results, and will be discussed shortly in chapter
9 of this thesis, where we find a new equivalent formulation of it.

The proof of Green and Tao consists of several parts. In chapter 2 of this thesis we will
introduce the necessary notation and some basic concepts of the proof, and in chapter 3
we will present the strategy and structure of the proof. The main part is the proof of a
generalization of Szemerédi’s theorem, and chapters 4-7 will be dedicated to proving this.
Chapter 8 will deal with the construction of a certain function, a pseudorandom measure,
which is concentrated on the primes and satisfies some bounds and other criteria necessary
for the proof. The proof as it is presented in this thesis is more or less as in [6] but I have
contributed with quite a lot of technical details that they have left out in their paper, and
I have changed the order and structure of some of the proofs.

Chapter 9 is my personal contribution, which can be seen as an application of the Green-
Tao theorem that proves the existence of prime solutions to linear equations. More generally
it is a proof of the existence of solutions to certain systems of linear equations in any
subset of the integers that contain arbitrarily long arithmetic progressions. Furhtermore
I will present a new arithmetic way of characterizing such subsets which gives a new
formulation of the Erdős-Turan Conjecture. An article [8] on the results of this chapter
has on the 16th of February been submitted to the journal ’INTEGERS: Electronic Journal
of Combinatorial Number Theory’. The methods in this chapter are quite elementary and
the chapter can be read alone without reading the rest of the thesis.

I would like to thank my supervisors Simon and Jørgen who have helped me through
the writing process, Jimi Lee Truelsen for reading, correcting and commenting on the thesis
and Andrew Granville for commenting on the results in chapter 9. I would furthermore
thank my fellow students for good company, and finally thanks to my family for all the
support I have recieved during my many years of studying.



Chapter 2

The theorem and basic concepts

2.1 The theorem

The theorem I want to prove in this thesis is the following theorem of Green and Tao [6].

Theorem 2.1.1. The primes contain infinitely many arithmetic progressions of lenght k
for any k.

Recall that an aritmetic progression of length k is a set of the form

{x, x + r, x + 2r, . . . , x + (k − 1)r}.
where x, r ∈ N. So the theorem states that the primes contain infinitely many of these
of any given length. Notice that we actually just need one arithmetic progression of any
length to prove the existence of infinitely many arithmetic progressions of any given length.

2.2 Basic definitions and notation

Definition 2.2.1. Let N ∈ N be a prime. We denote ZN = Z/NZ.

Remark 2.2.2. Throughout the proof, k will denote the size of the arithmetic progression
we are looking for. So in all proofs we assume that N is a very large prime and that k is
a natural number. Sometimes we will assume that k is bounded from below but it does
not really matter, since a progression of length k contains progressions of length m for all
m ≤ k.

Several times during the proof it is nescessary to assume that N is sufficiently large
depending on some parameters, but we will not discuss the size of N – just make sure that
the proof is valid.

In the rest of the thesis o(1) will denote a term that tends to zero as N →∞, and we
will write O(1) for a bounded quantity. If the convergence to zero or the coefficient in the
bound depends on some parameters, we will write these parameters in the subscript. The
constant will always depend on k (the length of the aritmetic progression we are looking
for), so we will usually not write that. We write O(X) = O(1)X and o(X) = o(1)X.
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8 CHAPTER 2. THE THEOREM AND BASIC CONCEPTS

We define the expected value of real functions on ZN as follows.

Definition 2.2.3 (Expected value). Let n ≥ 1 and f : A → R where A ⊆ Zn
N with A 6= ∅.

Then we define

E (f(x) | x ∈ A) =

∑
x∈A f(x)

#A
.

If f is defined on all of Zn
N we write

E (f) = E (f(x) | x ∈ Zn
N) .

Remark 2.2.4. We will need to take expectations with respect to more than one variable.
The generalisation to this case is done by taking average over the product set. All the results
here are valid for several variables because two variables over two sets can be written as
one variabel over the product set.

The expected value can be extended to be taken over any function f : A → R where
#A < ∞ by the same definition, but usually A will be a subset of ZN .

The following proposition can be proved by straightforward calculations, and will be
quite useful in calculations involving expected values.

Proposition 2.2.5 (Properties of the expected value). Let f : A → R, g : B → R where
A ⊆ Zn

N , B ⊆ Zm
N with A,B 6= ∅.

1. If m = n,A = B and we let a, b ∈ R then

E (af(x) + bg(x) | x ∈ A) = aE (f(x) | x ∈ A) + bE (g(x) | x ∈ A) .

2. We furtermore have

E (f(x)g(y) | x ∈ A, y ∈ B) = E (f(x)E (g(y) | y ∈ B) | x ∈ A)

= E (f(x) | x ∈ A)E (g(y) | y ∈ B) ,

3. and as a special case we have

E (f(x) | x ∈ A) = E (f(x) | x ∈ A, y ∈ B) .

4. If φ, ψ : A×B → R. Then

E (φ(x, y)ψ(x, y) | x ∈ A, y ∈ B) = E (E (φ(x, y)ψ(x, y) | y ∈ B) | x ∈ A) .

5. If I is some finite set and we have hi : A → R for all i ∈ I then

E

(∏
i∈I

hi(x)

∣∣∣∣∣ x ∈ A

)2

= E

( ∏
i∈I,j∈I

hi(x)hj(y)

∣∣∣∣∣ x, y ∈ A

)
.
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2.3 Measure and measure conditions

The proof uses the notion of a measure on Z/NZ but it is not a measure in the measure
theoretic sense since, the only reasonable measure to consider on such a set is the counting
measure. The only thing we require of a measure is that it is positive and that the expected
value of a measure should tend to 1 as N goes to infinity.

Definition 2.3.1 (Measure). A function ν : ZN → R+ is called a measure if

E (ν) = 1 + o(1).

We want to construct a specific kind of measure. This measure has to satisfy the
following two conditions.

Definition 2.3.2 (The linear forms condition). A measure ν is said to satisfy the (m0, t0, L0)-
linear forms condition if the following is satisfied. Let m ≤ m0 and t ≤ t0. Let L = (Lij) ∈
Matm,t(Q) be such that no row is a rational multiple of another row, and such that all
entries has height ≤ L0 and full rank. Now let b1, . . . , bm ∈ ZN and define for i = 1, . . . , m
linear forms ψi : Zt

N → ZN by

ψ(x1, . . . , xt) =
t∑

j=1

Lijxj + bi

where Lij is considered as a member of ZN (so N ≥ L0 and a/b = ab−1 ∈ ZN). Then

E
(
ν(ψ1(x)) . . . ν(ψm(x)) | x ∈ Zt

N

)
= 1 + oL0,m0,t0(1).

Remark 2.3.3. Recall that the height of a rational number a
b

with gcd(a, b) = 1 is H(a
b
) =

max(|a| , |b|).
Notice also that the (m0, t0, L0)-linear forms condition implies the (m′

0, t
′
0, L

′
0)-linear

forms condition when m′
0 ≤ m0, t

′
0 ≤ t0 and L′0 ≤ L0.

Definition 2.3.4 (The correlation condition). A measure ν : ZN → R+ is said to satisfy
the m0-correlation condition for m0 ∈ Z+ if for every 1 < m ≤ m0 there is τ : ZN → R+

such that E (τ q) = Om,q(1) for all q ≥ 1 and such that

E (ν(x + h1)ν(x + h2) · · · ν(x + hm) | x ∈ ZN) ≤
∑

1≤i<j≤m

τ(hi − hj) (2.3.1)

for all h1, . . . , hm ∈ ZN .

A measure satisfying both of these conditions with suitable parameters will be called
pseudorandom. We define it as follows.

Definition 2.3.5 (Pseudorandom measure). A measure ν : ZN → R+ is called k-pseudo-
random if it satisfies the (k2k−1, 3k − 4, k)-linear forms condition and the 2k−1-correlation
condition.
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Example 2.3.6 (The constant measure). Define ν : ZN → R+ by ν(x) = 1 for all x ∈ ZN .
Then ν is definitely a measure. It satisfy the linear forms condition with any parameters
since

E
(
ν(ψ1(x)) . . . ν(ψm(x)) | x ∈ Zt

N

)
= 1,

no matter what the ψi’s are. It also satisfies the correlation condition with any parameter,
since the LHS in (2.3.1) is 1, and we can thus define τ = 1 to get the desired inequality.
So ν is k-pseudorandom for any k.

The following theorem tells us that the pseudorandom measures are star-shaped around
the constant measure.

Lemma 2.3.7 (Pseudorandom measures are star-shaped around 1). Let ν be k-pseudorandom.
Then ν ′ = (ν + 1)/2 is k-pseudorandom.

Proof. Since ν is a measure, we have that ν ′ is non-negative and

E (ν ′) =
1

2
(E (ν) + 1) = 1 + o(1),

so ν ′ is a measure.
To prove that ν ′ satisfies the (k2k−1, 3k − 4, k)-linear forms condition we let m ≤

k2k−1, t ≤ 3k − 4 and let ψ1, . . . , ψm be defined as in the definition of the linear forms
condition. Then

E
(
ν ′(ψ1(x)) . . . ν ′(ψm(x)) | x ∈ Zt

N

)
= 2−mE

(
(ν(ψ1(x)) + 1) . . . (ν(ψm(x)) + 1) | x ∈ Zt

N

)

= 2−m
∑

A⊆{1,...,m}
E

(∏
i∈A

ν(ψi(x))

∣∣∣∣∣ x ∈ Zt
N

)
.

Now since ν is pseudorandom, it satisfies the (k2k−1, 3k− 4, k)-linear forms condition, and
we see that the terms in the sum are of the form considered in the definition of the linear
forms condition so each of the terms is 1 + o(1), and since the sum has 2m terms (one for
each subset A ⊆ {1, . . . ,m}) the whole thing is 1 + o(1) and we are done.

We now need to prove that ν ′ satisfies the 2k−1-correlation condition. Let m ≤ 2k−1

and h1, . . . , hm ∈ ZN . We have

E (ν ′(x + h1) · · · ν ′(x + hm) | x ∈ ZN) = 2−m
∑

A⊆{1,...,m}
E

(∏
i∈A

ν(x + hi)

∣∣∣∣∣ x ∈ ZN

)
.

(2.3.2)
There is a τ such that ν satisfies the correlation condition, so let us try to use this τ again.
It certainly satisfies E (τ q) = Om,q(1) for all q ≥ 1. Let us now consider one of the terms
in the sum. For any A ⊆∈ {1, . . . , m} we have

E

(∏
i∈A

ν(x + hi)

∣∣∣∣∣ x ∈ ZN

)
≤

∑
1≤i<j≤m

τ(hi − hj)
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because ν satisfies the correlation condition. There are 2m terms in the sum on the RHS
of (2.3.2), so

E (ν ′(x + h1) · · · ν ′(x + hm) | x ∈ ZN) ≤
∑

1≤i<j≤m

τ(hi − hj)

as desired.

2.4 Some useful results about expected values

It will be necessary to perfom linear changes of variables in expectations which we will
formalize in the following way.

Definition 2.4.1 (A uniform cover). A map φ : A → B where A ⊆ Zn
N and B ⊆ Zm

N is
said to be a uniform cover of B by A if φ is surjective and if

#φ−1(b) =
#A

#B

for all b ∈ B.

Lemma 2.4.2 (Uniform covers preserve expected values). If φ : A → B is a uniform cover
of B by A and f : B → R, then

E (f(φ(a)) | a ∈ A) = E (f(b) | b ∈ B) .

Proof. We have

E (f(φ(a)) | a ∈ A) =
1

#A

∑
a∈A

f(φ(a)) =
1

#A

∑

b∈B

∑

a∈φ−1(b)

f(b),

since φ is surjective. Now recall that #φ−1(b) = #A/#B so

∑

a∈φ−1(b)

f(b) =
#A

#B
f(b),

and hence

E (f(φ(a)) | a ∈ A) =
1

#A

∑

b∈B

#A

#B
f(b) = E (f(b) | b ∈ B)

as desired.
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2.5 Function spaces

Definition 2.5.1 (Lq spaces on Zn
N). Let 1 ≤ q ≤ ∞ and let f : Zn

N → R. We define

‖f‖Lq = E (|f |q)1/q

for q < ∞ and
‖f‖L∞ = sup

x∈Zn
N

|f(x)| .

We can consider the functions f : ZN → R as a Hilbert space with inner product
(f, g) 7→ E (fg). This gives us the triangle inequality, Jensens inequality, Hölders inequality
and Cauchy-Szhwarz for averages.

Lemma 2.5.2 (Jensens inequality). Let f : A → R where A ⊆ ZN . If φ : R → R is
convex then

φ(E (f(x) | x ∈ A)) ≤ E (φ(f(x)) | x ∈ A) .

Lemma 2.5.3 (Hölders inequality for averages). Let fi : A → R, i = 1, . . . , m for A ⊆ Zn
N

and let p1 . . . , pm > 0 and q ≥ 1 be given such that

1

p1

+ · · ·+ 1

pm

=
1

q
,

then

E

(
m∏

i=1

|fi(x)|q | x ∈ A

) 1
q

≤
m∏

i=1

E (|fi(x)|pi | x ∈ A)
1
pi .

Corollary 2.5.4 (Cauchy-Schwarz for averages). Let f : A → R and g : A → R for
A ⊆ Zn

N . Then

E (|f(x)g(x)| | x ∈ A)2 ≤ E
(
f(x)2 | x ∈ A

)
E

(
g(x)2 | x ∈ A

)
.



Chapter 3

Proof strategy

3.1 Szemerédi’s theorem in pseudorandom measures

Let us first recall Szemerédi’s theorem. The formulation used here is a bit different from
the usual formulation, since it uses the notion of expected values on ZN , but it is equivalent
to the common version. See [12], [3] or [4] for 3 different proofs of this theorem.

Theorem 3.1.1 (Szemerédi´s theorem). Let 0 < δ ≤ 1 and k ≥ 1 be fixed. Let f : ZN →
R+ such that

0 ≤ f(x) ≤ 1

for all x ∈ ZN and
E (f) ≥ δ.

Then we have

E (f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− ok,δ(1) (3.1.1)

for some constant c(k, δ) > 0, not depending on f nor N .

Note that since the RHS of (3.1.1) does not depend on N this theorem gives us arbi-
trarily long arithmetic progressions in the support of f , and since we require f ≤ 1 and
E (f) > 0 this is only possible if the support of f has positive density. We now want to
generalize Szemerédi’s theorem in the following way. Chapter 4-7 of this thesis will be
dealing with proving this theorem, and we use the original version of Szemerédi’s theorem
in the proof.

Theorem 3.1.2. Let k ≥ 3 and 0 < δ ≤ 1. Let ν : ZN → R+ be a k-pseudorandom
measure and let f : ZN → R+ satisfy

0 ≤ f(x) ≤ ν(x)

for all x ∈ ZN and
E (f) ≥ δ.

13



14 CHAPTER 3. PROOF STRATEGY

Then we have

E (f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− ok,δ(1),

for some constant c(k, δ).

Note that the only thing that has changed from theorem 3.1.1 to this theorem, is that
we replace f(x) ≤ 1 by f(x) ≤ ν(x) for a pseudorandom measure ν, and since the constant
function 1 is k-pseudorandom for any k this is a generalization. Now in this theorem it is
possible to use a function f such that the support of f does not necessarily have positive
density, since f is allowed to be larger than 1 on some values as long as it is bounded by
a pseudorandom measure.

This turns out to be exactly what we need since we want f to have support in the
primes, which does not have positive density. We now need to construct such a function
and a pseudorandom measure that bounds it. We will do this in the following way.

Let
w = w(N) = log log N

and let
W = W (N) =

∏
p≤w

p.

Now define a function Λ̃ : N→ R+ by

Λ̃(n) =

{
φ(W )

W
log(Wn + 1) if Wn + 1 is a prime

0 otherwise

where φ is Euler’s φ function. Now define f : ZN → R by

f(x) =

{
1

k2k+5 Λ̃(x) if εN ≤ x ≤ 2εN
0 otherwise

In chapter 8 we will prove the following proposition.

Proposition 3.1.3. Let εk = 1
2k(k+4)!

and let N be a sufficiently large prime number. Then

there exists a k-pseudoranom measure ν : ZN → R+ such that

0 ≤ f ≤ ν(x)

for all x ∈ ZN .

3.2 The proof

proposition 3.1.3 states the existence of a function with support in the primes (actually
in the primes of the form Wx + 1) which is bounded by a k-pseudorandom measure and
theorem 3.1.2 uses this function to provide us with arithmetic progressions in the primes.
Using these we can actually conclude the proof of the Green-Tao theorem in the following
way.
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Proof of theorem 2.1.1. Let k ∈ N be given. We want to show that there exists infinitely
many arithmetic progressions of length k consisting of primes. Define f : ZN → R as
we did above. For a sufficiently large N we get by proposition 3.1.3 that there exists a
k-pseudorandom measure ν such that

0 ≤ f(x) ≤ ν(x)

for all x ∈ ZN . In chapter 8 we will prove that

∑
n≤N

Λ̃(n) = N(1 + o(1)),

This gives us

E (f) =
1

k2k+5
ε(1 + o(1)).

For sufficiently large k we have

ε
1

k2k+5
≤ 1,

so if we let

δ <
1

k2k+5
ε,

then E (f) ≥ δ for sufficiently large N . theorem 3.1.2 now gives us

E (f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k,
A

k2k+5
ε)− o(1). (3.2.1)

The RHS goes to c(k, A
k2k+5 ε) > 0, which does not depend on N , as N goes to infinity. The

interior of the average on the LHS is positive whenever f is positive on all elements in a
configuration

{x, x + r, . . . , x + (k − 1)r}
but the LHS is greater than c(k, 1

k2k+5 ε) > 0, which does not depend on N , so letting
N → ∞ we see that there must be infinitely many such configurations such that f is
positive on all elements.

Now notice that

f(x) > 0 ⇐⇒ Wx + 1 is prime and εN ≤ x ≤ 2εN,

if x+ir, i = 0, . . . , k−1 is an arithmetic progression then so is W (x+ir)+1, i = 0, . . . , k−1
since W (x+ir)+1 = (Wx+1)+i(Wr), so each of the configurations gives us an arithemtic
progression consisting of primes by the definition of f .

There are two problems remaining. First of all the configuration is not an arithmetic
progression of length k if r = 0, and secondly we can be in the situation that the progression
is a progression in ZN but not in Z, which will happen if the progression at some point
exceeds N .
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Let us consider the first problem. The contribution to the average on the LHS when
r = 0 is

1

N2

∑
x∈ZN

f(x)k.

And since f(x) = O(log N) this is

O

(
(log N)k

N

)
= o(1)

so we can ignore the contribution of r = 0.
Now we need to prove that the arithmetic progressions we find in ZN also are progres-

sions in Z. Recall that in the configurations {x, x + r, . . . , x + (k− 1)r} we found, we have
εN ≤ x + ir ≤ 2εN for all i = 0, . . . , k − 1 because f has its support in this interval.

If the arithmetic progression exceeds N we must have r ≥ (1 − ε)N so the arithmetic
progression must wrap around on every step. This will also give us an aritmetic progression
– it will be one we have counted already but that does not matter since we have infinitely
many.

3.3 Overview of the rest of the proof

The rest of the proof is rather technical and to help the reader through it I try to give a
basic overview of what we will be doing.

In Chapter 4 we will introduce the Gowers uniformity norm on functions ZN → R
and use this to prove a theorem we will call a new von Neumann theorem. This name is
inspired by the similarity with von Neumanns mean ergodic theorem.

In Chapter 5 and 6, dual functions and σ-algebras on ZN will be introduced. We will
need these in Chapter 7 where we will use a technique inspired by Furstenberg to prove a
theorem that together with the new von Neumann theorem and Szemerédi’s theorem will
be used to prove Szemerédi’s theorem in pseudorandom measures.

As seen above this new version of Szemerédi’s theorem is used in the proof of the Green-
Tao theorem. We also need a specific pseudorandom measure, that has its support in the
primes. Chapter 8 will be used to contstruct this measure and prove that it actually is
pseudorandom.



Chapter 4

Gowers uniformity and von
Neumanns theorem

In Gowers’ proof of Szemerédi’s theorem [4] Gowers uses a theorem (theorem 3.2 in [4])
that gives a bound on expressions of the form

E (f1(x + r)f2(x + 2r) · · · fk(x + kr) | x, r ∈ ZN)

where the fi’s are bounded in a certain way. Expressions of this form are of course relevant
because they are counting arithmetic progressions. We will need a generalisation of this,
namely theorem 4.3.1, which in [6] is called a generalized von Neumann theorem. The dif-
ference from Gowers’ proof is the introduction of pseudorandom measures and the Gowers
uniformity norm, which gives the theorem a more measure-theoretical flavour, as in the
ergodic theory proof of Szemerédi’s theorem [3].

First we will need some notation. We will define a Gowers inner product and a Gowers
norm and then prove some properties for these.

4.1 The Gowers uniformity norm

Definition 4.1.1 (Gowers inner product). Let d ≥ 1 be a dimension. For ω = (ω1, . . . , ωd) ∈
{0, 1}d and h = (h1, . . . , hd) ∈ Zd

N we define

ω · h = ω1h1 + · · ·+ ωdhd.

Let (fω)ω∈{0,1}d be a {0, 1}d-tuple of functions ZN → R. Then we define the d-dimensional
Gowers inner product of these functions by

〈(fω)ω∈{0,1}d〉Ud = E


 ∏

ω∈{0,1}d

fω(x + ω · h) | x ∈ ZN , h ∈ Zd
N


 .

From the Gowers inner product, we define the Gowers uniformity norm:

17



18 CHAPTER 4. GOWERS UNIFORMITY AND VON NEUMANNS THEOREM

Definition 4.1.2 (Gowers uniformity norm). Let f : ZN → R and d ≥ 1, then we define
the Gowers uniformity norm of f as

‖f‖Ud = 〈(f)ω∈{0,1}d〉1/2d

Ud .

We state some properties of this norm in the following proposition. Liu [9] handles the
case where the fω’s are complex but we will only need the case where the fω’s are real.

Proposition 4.1.3 (Properties of the Gowers uniformity norm). Let (fω)ω∈{0,1}d be an
{0, 1}d-tuple of functions ZN → R and let f, g : ZN → R.

1. The norm is positive:
‖f‖Ud ≥ 0.

2. Cauchy-Schwarz: ∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤
∏

ω∈{0,1}d

‖fω‖Ud .

3. Triangle inequality:
‖f + g‖Ud ≤ ‖f‖Ud + ‖g‖Ud .

4. Increasing by dimension:
‖f‖Ud−1 ≤ ‖f‖Ud .

5. For d = 1, the norm is the absolute expected value:

‖f‖U1 = |E (f)| .

6. The Gowers uniformity norm is a norm for d ≥ 2.

Proof. 1. First assume that (fω)ω∈{0,1}d is a sequence of functions such that fω is indepen-
dent of the last digit, ωd of ω. So for ω = ω1, . . . , ωd we have

fω1,...,ωd−1,0 = fω1,...,ωd−1,1,

and this function can thus just be denoted fω′ where ω′ = ω1, . . . , ωd−1. We will use this
notation throughout the proof of this proposition. Note that this certainly is the case when
fω = f for all ω. We now have

〈(fω)ω∈{0,1}d〉Ud = E


 ∏

ω∈{0,1}d

fω(x + ω · h) | x ∈ ZN , h ∈ Zd
N




= E


 ∏

ω′∈{0,1}d−1

fω′(x + ω′ · h′)fω′(x + hd + ω′ · h′) | x ∈ ZN , h′ ∈ Zd−1
N , hd ∈ ZN


 .
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Now this can be rewritten as

〈(fω)ω∈{0,1}d〉Ud = E


E


 ∏

ω′∈{0,1}d−1

fω′(y + ω′ · h′) | y ∈ ZN




2

| h′ ∈ Zd−1
N


 . (4.1.1)

This might be a bit hard to see, but if we consider the expected values as sums we see
that they have the same number of terms, and that the terms are pairwise equal. We see
that this last expression clearly is positive, since we are taking expected value over positive
numbers, so we have

〈(fω)ω∈{0,1}d〉Ud ≥ 0,

when fω is independent of the last digit. As mentioned this is certainly the case when
fω = f for all ω, so the norm is positive.

2. Let us now consider the general case, where fω depends on the last digit. Then we
can do the same trick as before to get

〈(fω)ω∈{0,1}d〉Ud = E


 ∏

ω∈{0,1}d

fω(x + ω · h) | x ∈ ZN , h ∈ Zd
N




= E


 ∏

ω′∈{0,1}d−1

fω′,0(x + ω′ · h′)fω′,1(x + hd + ω′ · h′) | x ∈ ZN , h′ ∈ Zd−1
N , hd ∈ ZN


 ,

and doing as before we rewrite this as

〈(fω)ω∈{0,1}d〉Ud = E


E


 ∏

ω′∈{0,1}d−1

fω′,0(y + ω′ · h′) | y ∈ ZN




×E

 ∏

ω′∈{0,1}d−1

fω′,1(y + ω′ · h′) | y ∈ ZN


 | h′ ∈ Zd−1

N


 ,

and hence by using Cauchy-Schwarz (corollary 2.5.4) we get

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤ E


E


 ∏

ω′∈{0,1}d−1

fω′,0(y + ω′ · h′) | y ∈ ZN




2

| h′ ∈ Zd−1
N




1/2

× E


E


 ∏

ω′∈{0,1}d−1

fω′,1(y + ω′ · h′) | y ∈ ZN




2

| h′ ∈ Zd−1
N




1/2

,

which by (4.1.1) is

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤ 〈(fω′,0)ω∈{0,1}d〉1/2

Ud 〈(fω′,1)ω∈{0,1}d〉1/2

Ud (4.1.2)
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because fω′,0 and fω′,1 depends only on d − 1 digits. We could repeat this argument with
an arbitrary digit instead of the last one to obtain

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤ 〈(fω1,...,ωi−1,0,ωi+1,...,ωd
)ω∈{0,1}d〉1/2

Ud 〈(fω1,...,ωi−1,1,ωi+1,...,ωd
)ω∈{0,1}d〉1/2

Ud

for 1 ≤ i ≤ d. We can now take the two factors from the RHS of (4.1.2), which are both
non-negative, and use the above formula with i = d− 1 on both of them to get

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤ 〈(fω′′,0,0)ω∈{0,1}d〉1/4

Ud 〈(fω′′,0,1)ω∈{0,1}d〉1/4

Ud

〈(fω′′,1,0)ω∈{0,1}d〉1/4

Ud 〈(fω′′,1,1)ω∈{0,1}d〉1/4

Ud

where ω′′ = ω1, . . . , ωd−2. So repeating this for all the d digits we get

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤
∏

τ∈{0,1}d

〈(fτ )ω∈{0,1}d〉1/2d

Ud =
∏

τ∈{0,1}d

‖fτ‖Ud

by the definition of the Gowers uniformity norm.
3. Let f, g : ZN → R and d ≥ 1. We now have

‖f + g‖2d

Ud = 〈(f + g)ω∈{0,1}d〉Ud

= E


 ∏

ω∈{0,1}d

(f + g)(x + ω · h) | x ∈ ZN , h ∈ Zd
N




= E


 ∑

A⊆{0,1}d

∏
ω∈A

f(x + ω · h)
∏

ω/∈A

g(x + ω · h) | x ∈ ZN , h ∈ Zd
N




=
∑

A⊆{0,1}d

E

(∏
ω∈A

f(x + ω · h)
∏

ω/∈A

g(x + ω · h) | x ∈ ZN , h ∈ Zd
N

)

Now let A ⊆ {0, 1}d be fixed and define Fω as

Fω =

{
f, if ω ∈ A,
g, if ω /∈ A,

then we have

E

(∏
ω∈A

f(x + ω · h)
∏

ω/∈A

g(x + ω · h) | x ∈ ZN , h ∈ Zd
N

)
= 〈(Fω)ω∈{0,1}d〉

and by the Gowers uniformity Cauchy-Schwarz we have

〈(Fω)ω∈{0,1}d〉 ≤
∏

ω∈{0,1}d

‖Fω‖Ud ,
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which by the definition of Fω is equal to ‖f‖|A|
Ud ‖g‖2d−|A|

Ud . Thus

‖f + g‖2d

Ud ≤
∑

A⊆{0,1}d

‖f‖|A|
Ud ‖g‖2d−|A|

Ud

=
2d∑

k=0

∑

|A|=k

‖f‖|A|
Ud ‖g‖2d−|A|

Ud

=
2d∑

k=0

(
2d

k

)
‖f‖k

Ud ‖g‖2d−k
Ud

= (‖f‖Ud + ‖g‖Ud)
2d

as desired, where we in the last equality use the binomial formula.
4. Let d ≥ 2 and let f : ZN → R. We see that

‖1‖Ud = 1.

For each ω ∈ {0, 1}d we define

fω =

{
1, if ωd = 1
f, if ωd = 0

.

By using the Cauchy-Schwarz inequality on this sequence we now see that

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ ≤
∏

ω∈{0,1}d

‖fω‖Ud = ‖f‖2d−1

Ud , (4.1.3)

since exactly 2d−1 of the ω’s have a 0 in the last digit. But we also have

∣∣〈(fω)ω∈{0,1}d〉Ud

∣∣ = E


 ∏

ω∈{0,1}d

fω(x + ω · h) | x ∈ ZN , h ∈ Zd
N




= E




∏

ω∈{0,1}d

ωd=0

f(x + ω · h) | x ∈ ZN , h ∈ Zd
N




= E


 ∏

ω′∈{0,1}d−1

f(x + ω′ · h′) | x ∈ ZN , h′ ∈ Zd−1
N


 ,

and by the definition of the Gowers uniformity norm this is equal to ‖f‖2d−1

Ud−1 . Combining
this with (4.1.3) now yields

‖f‖Ud−1 ≤ ‖f‖Ud
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as claimed.
5. Now let d = 1 and let f : ZN → R. Then

‖f‖U1 = E


 ∏

ω∈{0,1}
f(x + ω · h) | x ∈ ZN , h ∈ ZN




1/2

= E (f(x)f(x + h) | x, h ∈ ZN)1/2

= |E (f)| ,

where we in the third equality use proposition 2.2.5 and a change of variables.
6. By the definition of a norm we need to show that for f, g : ZN → R and a ∈ R we

have

(i) ‖af‖Ud = |a| ‖f‖Ud ,

(ii) ‖f + g‖Ud ≤ ‖f‖Ud + ‖g‖Ud ,

(iii) ‖f‖Ud
= 0 ⇒ f = 0.

We see that (ii) is proved already in 3. of this proposition. We can prove (i) by straight
forward calculation:

‖af‖Ud = E


 ∏

ω∈{0,1}d

af(x + ω · h) | x ∈ ZN , h ∈ Zd
N




1/2d

=


a2dE


 ∏

ω∈{0,1}d

af(x + ω · h) | x ∈ ZN , h ∈ Zd
N







1/2d

= |a| ‖f‖Ud .

We now want to prove (iii). Notice that by 5. we see that it actually is a nescessary
condition to require d ≥ 2 since when d = 1 we have ‖f‖U1 = |E (f)|, so it is possible to
have ‖f‖U1 = 0 for non-zero f .

By 4. it is enough to prove (iii) for d = 2 since

‖f‖Ud = 0 ⇒ ‖f‖U2 = 0

for d > 2 since the norm is non-negative, so let f : ZN → R be given and assume that
‖f‖U2 = 0. Now define a sequence (fω)ω∈{0,1}2 by f00 = f and f01 = f10 = f11 = 1{x0} for
some given x0 ∈ ZN . By the Gowers Cauchy-Schwarz we now have

∣∣E (
f(x)1{x0}(x + h1)1{x0}(x + h2)1{x0}(x + h1 + h2) | x, h1, h2 ∈ ZN

)∣∣
≤ ‖f‖U2

∥∥1{x0}
∥∥3

U2 . (4.1.4)
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The LHS of (4.1.4) can be computed by noticing that all the 3 indicator functions have
to be 1 in order to contribute to the expected value, and this only happens once, namely
when h1 = h2 = 0 and x = x0, so the LHS of (4.1.4) is equal to f(x0)

N3 .
Now consider the RHS of (4.1.4). We have

∥∥1{x0}
∥∥

Ud = E
(
1{x0}(x)1{x0}(x + h1)1{x0}(x + h2)1{x0}(x + h1 + h2) | x, h1, h2 ∈ ZN

)1/4
,

and once again they all have to be 1 in order to contribute, which only happens when
h1 = h2 = 0 and x = x0, so

∥∥1{x0}
∥∥

Ud =

(
1

N3

)1/4

,

and we can therefore rewrite (4.1.4) to

|f(x0)|
N3

≤
(

1

N3

)3/4

‖f‖Ud

which implies f(x0) = 0 since we assumed ‖f‖Ud = 0. This does not depend on our choice
of x0 ∈ ZN , so it is valid for all x0 ∈ ZN and hence f = 0.

In our new version of Szemerédi’s theorem we want to replace 1 with a pseudorandom
measure ν in the original Szemerédi’s theorem. The following lemma shows that ν and 1
are not far from each other in the Ud-norm.

Lemma 4.1.4. Let ν be k-pseudorandom. Then we have

‖ν − 1‖Ud = o(1)

for all 1 ≤ d ≤ k − 1.

Proof. By item 4. in proposition 4.1.3 we see that it is sufficient to prove the lemma for
d = k − 1, since we have

‖ν − 1‖Ud′ ≤ ‖ν − 1‖Ud

for all d′ ≤ d. By the definition of the Ud norm, we thus need to show that

E


 ∏

ω∈{0,1}k−1

(ν(x + ω · h)− 1) | x ∈ ZN , h ∈ Zk−1
N


 = o(1).

The product in the expected value on the LHS can be expanded to obtain

∑

A⊆{0,1}k−1

(−1)|A|E

(∏
ω∈A

ν(x + ω · h) | x ∈ ZN , h ∈ Zk−1
N

)
.
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So now consider one of the terms (ignoring the sign for a moment) of this expression,

E

(∏
ω∈A

ν(x + ω · h) | x ∈ ZN , h ∈ Zk−1
N

)
(4.1.5)

for some A ⊆ {0, 1}k−1. Now number the elements of A and define for 1 ≤ i ≤ |A| the
linear forms φi : Zk

N → ZN by

φi(y) = y1 + ω · (y2, . . . , yk)

where ω is the i’th element of A and y = (y1, . . . , yk). Then (4.1.5) can be written as

E
(
ν(φ1(y)) · · · ν(φ|A|(y)) | y ∈ Zk

N

)
.

Now we want to use the (2k−1, k, 1)-linear forms condition, which is valid because ν is k-
pseudorandom, but to use this we need to prove that none of the linear forms is a multiple
of any other. So assume that φi = aφj for some a ∈ ZN \ {0} and for some 1 ≤ i, j ≤ |A|,
i 6= j, and let ω and τ be the corresponding members of A. Now let y = (0, 1, 0, . . . , 0).
Then

ω1 = φi(y) = aφj(y) = aτ1.

This can be done for all coordinates, so we have ωk = aτk for all 1 ≤ k ≤ |A|. Since the
ωk’s and τk’s can be 0 or 1, and a 6= 0 we have only a few possibilities for the choice of a.
Either a = 1 and we have φi = φj and hence i = j which is a contradiction, or a 6= 1 and
then we must have ω = τ = 0 and hence i = j which again is a contradiction.

So we can now use the (2k−1, k, 1)-linear forms condition which states that

E
(
ν(φ1(y)) · · · ν(φ|A|(y)) | y ∈ Zk

N

)
= 1 + o(1),

so

∑

A⊆{0,1}k−1

(−1)|A|E

(∏
ω∈A

ν(x + ω · h) | x ∈ ZN , h ∈ Zk−1
N

)
=

∑

A⊆{0,1}k−1

(−1)|A| + o(1),

because the size of A only depends on k, and o(1) is allowed to depend on k. But there
are as many subsets of A with an even number of elements as there are subsets with an
odd number of elements, so the above expression is just o(1) as we wanted.

4.2 A special Cauchy-Schwarz

In the proofs of this chapter we will need the following definition, where we from two
vectors y, y′ define a new vector y(S) where some of the coordinates are from y′ and the
rest from y and where S is an index set that indicates which coordinates come from y′.
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Definition 4.2.1. Let k > 1 and 0 ≤ d ≤ k, and let y = (y1, . . . , yk−1) ∈ Zk−1
N and

y′ = (y′k−d, . . . , y
′
k−1) ∈ Zd

N and S ⊆ {k − d, . . . , k − 1}. Then we define the vector

y(S) = (y
(S)
1 , . . . , y

(S)
k−1) ∈ Zk−1

N by

y
(S)
i =

{
y′i if i ∈ S
yi otherwise.

The following lemma is again a kind of Cauchy-Schwarz, and this one we will use to
prove theorem 4.3.1.

Lemma 4.2.2 (Yet another Cauchy-Schwarz). Let ν : ZN → R+ be a measure and k > 1.
Let φ0, φ1, . . . , φk−1 : Zk−1

N → ZN such that we for all i have that φi does not depend on the
i-th coordinate. Let f0, . . . , fk−1 : ZN → R such that

|fi(x)| ≤ ν(x)

for all x ∈ ZN and 1 ≤ i ≤ k − 1. Define for 0 ≤ d ≤ k − 1

Jd = E


 ∏

S⊆{k−d,...,k−1}

(
k−d−1∏

i=0

fi(φi(y
(S)))

)(
k−1∏

i=k−d

ν1/2(φi(y
(S)))

) ∣∣∣∣∣ y ∈ Zk−1
N , y′ ∈ Zd

N




and

Pd = E


 ∏

S⊆{k−d,...,k−1}
ν(φk−d−1(y

(S)))

∣∣∣∣∣ y ∈ Zk−1
N , y′ ∈ Zd

N


 .

Then we have for all 0 ≤ d ≤ k − 2 that

|Jd|2 ≤ PdJd+1.

Proof. Consider Jd. Since φk−d−1 does not depend on the k− d− 1’th coordinate, we may
use proposition 2.2.5 to split the average into two parts – one depending on φk−d−1 and
one not depending on φk−d−1. So we can write

Jd = E
(
G(y, y′)H(y, y′) | y1, . . . , yk−d−2, yk−d, . . . , yk−1 ∈ ZN , y′ ∈ Zd

N

)
,

where

G(y, y′) =
∏

S⊆{k−d,...,k−1}
fk−d−1(φk−d−1(y

(S)))ν−1/2(φk−d−1(y
(S)))

and

H(y, y′) = E


 ∏

S⊆{k−d,...,k−1}

k−d−2∏
i=0

fi(φi(y
(S)))

k−1∏

i=k−d−1

ν1/2(φi(y
(S)))

∣∣∣∣∣ yk−d−1 ∈ ZN


 .
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Notice that we have added a factor ν1/2(φk−d−1(y
(S))) to H and divided by it in G. By

Cauchy-Schwarz (corollary 2.5.4) we have

|Jd|2 ≤ E
(
G(y, y′)2 | y1, . . . , yk−d−2, yk−d, . . . , yk−1 ∈ ZN , y′ ∈ Zd

N

)

·E (
H(y, y′)2 | y1, . . . , yk−d−2, yk−d, . . . , yk−1 ∈ ZN , y′ ∈ Zd

N

)
. (4.2.1)

Consider the first factor. Since fk−d−1(x) ≤ ν(x) for all x ∈ ZN we have that

G(y, y′)2 =


 ∏

S⊆{k−d,...,k−1}
fk−d−1(φk−d−1(y

(S)))ν−1/2(φk−d−1(y
S))




2

≤
∏

S⊆{k−d,...,k−1}
ν(φk−d−1(y

(S))),

which exactly is the factors in Pd. Now notice that by 3. in corollary 2.2.5 it makes no
difference if we in the first factor on the RHS of (4.2.1) take average over all variables or
omit yk−d−1 since G(y, y′) does not depend on yk−d−1. So we get

E
(
G(y, y′)2 | y1 . . . yk−d−2, yk−d, . . . , yk−1 ∈ ZN , y′ ∈ Zd

N

) ≤ Pd.

Now consider the second factor on the RHS of (4.2.1). We want to prove that this is
equal to Jd+1. With the d increased by 1, the y′ vector will be one dimension bigger, so we
need to add an extra variable y′k−d−1. We also have to take products over more subsets S
and alter the two inner products. All in all we have to show that

H(y, y′)2 = E


 ∏

S⊆{k−d−1,...,k−1}

(
k−d−2∏

i=0

fi(φi(y
(S)))

)

(
k−1∏

i=k−d−1

ν1/2(φi(y
(S)))

) ∣∣∣∣∣ yk−d−1, y
′
k−d−1 ∈ ZN

)
. (4.2.2)

Now

H(y, y′)2 =


 ∑

yk−d−1∈ZN

1

N

∏

S⊆{k−d,...,k−1}

k−d−2∏
i=0

fi(φi(y
(S)))

k−1∏

i=k−d−1

ν1/2(φi(y
(S)))




2

=
∑

yk−d−1,y′k−d−1∈ZN

1

N2

∏

S⊆{k−d,...,k−1}

k−d−2∏
i=0

fi(φi(y
(S)))

k−1∏

i=k−d−1

ν1/2(φi(y
(S)))

∏

S⊆{k−d,...,k−1}

k−d−2∏
i=0

fi(φi(y
(S∪{k−d−1})))

k−1∏

i=k−d−1

ν1/2(φi(y
(S∪{k−d−1})))

= E


 ∏

S⊆{k−d−1,...,k−1}

(
k−d−2∏

i=0

fi(φi(y
(S)))

) (
k−1∏

i=k−d−1

ν1/2(φi(y
(S)))

) ∣∣∣∣∣ yk−d−1, y
′
k−d−1 ∈ ZN



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The second and third equality are a little bit tricky. Consider the second equality – since
we are squaring the sum ranging over yk−d−1 ∈ ZN , we get N2 pairs, represented by the
two variables, denote them yk−d−1 and y′k−d−1, both ranging over ZN . So in the y′k−d−1 part
of the pair, yk−d−1 should be replaced by y′k−d−1, which can be done by adding the element
k − d− 1 to the set S.

Now consider the third equality. We now see that the expression can be greatly sim-
plified, since we in the first component are taking product over all S ⊆ {k− d, . . . , k− 1},
and in the second we are taking product over the same subsets with k − d − 1, so we are
actually considering all S ⊆ {k−d−1, . . . , k−1}, and we can thus rewrite the whole thing
as (4.2.2) and then return to the expected value notation. This finishes the proof.

Corollary 4.2.3. With Jd and Pd defined as before we have for all k > 1

|J0|2
k−1 ≤ Jk−1

k−2∏

d=0

|Pd|2
k−2−d

.

Proof. From the lemma we have

|Jk−2|2 ≤ Pk−1Jk−1

and

|Jk−3|2 ≤ Pk−2Jk−2,

and puting this together we get

|Jk−3|2
2 ≤ |Pk−2|2 |Jk−2|2 ≤ Jk−1Pk−1P

2
k−2.

Doing this k − 2 times gives the desired result.

4.3 Von Neumann’s theorem

We are now ready to begin the proof of the main theorem of this chapter. In the ergodic
theoretic proof of Szemerédi’s theorem a version of von Neumann’s ergodic mean theorem
(theorem 3.1 in [3]) is used. The proof of Green and Tao is inspired by the ergodic theoret-
ical proof of Szemerédi’s theorem, and so they need a version of von Neumann’s theorem
in their setting.

The original von Neumann’s ergodic mean theorem (see for instance [14]) works in quite
a different setting than ours, but we still have an average converging to a constant.

Theorem 4.3.1 (Von Neumann in pseudorandom measures). Let ν be a k-pseudorandom
measure, and let f0, . . . , fk−1 : ZN → R be functions such that

|fj(x)| ≤ ν(x) + 1
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for all x ∈ ZN and 0 ≤ j ≤ k − 1. Let c0, . . . , ck−1 be some permutation of some k
consecutive elements of {−k + 1, . . . ,−1, 0, 1, . . . , k − 1}. Then

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)
= O

(
inf

0≤j≤k−1
‖fj‖Uk−1

)
+ o(1).

Remark 4.3.2.

Proof. We can use lemma 2.3.7 to replace ν with ν ′ = (ν + 1)/2 in the theorem, and thus
reduce |fj(x)| ≤ ν(x) + 1 to

∣∣f ′j(x)
∣∣ ≤ ν ′(x) where f ′j = fj/2. By permuting the cj and fj

we may also assume that

inf
1≤j≤k−1

‖fj‖Uk−1 = ‖f0‖Uk−1 ,

and by shifting x by c0r we can assume that c0 = 0.
To use the lemma we proved before we need to define some φi’s such that φi is inde-

pendent of the i-th coordinate for all i. Define φ0, . . . , φk−1 : Zk−1
N → ZN by

φi(y) =
k−1∑
j=1

(
1− ci

cj

)
yj

for i = 0, . . . , k − 1 where y = (y1, . . . , yk−1). Now notice that

φ0(y) = y1 + · · ·+ yk−1

and

φi(y) = x(y) + cir(y)

for i > 0 where x(y) = y1 + · · ·+ yk−1 and

r(y) = −
k−1∑
j=0

yj

cj

.

Notice also that φi(y) does not depend on yi for all i since the term involving yi will have
the coefficient (1− ci/ci) = 0 and hence cancel out, so we are in a situation where we can
use lemma 4.2.2. Now define the Jd’s and Pd’s like in that lemma.

We now want to prove the following 4 statements.

1.

J0 = E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)
,

2.

|J0|2
k−1 ≤ (1 + o(1))Jk−1,
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3.

Jk−1 = E


W (x, h)

∏

ω∈{0,1}k−1

f0(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 ,

where

W (x, h) = E


 ∏

ω∈{0,1}k−1

k−1∏
i=0

ν1/2(φi(y + ωh))

∣∣∣∣∣ y1, . . . , yk−2 ∈ ZN




and y = (y1, . . . , yk−2, x− y1 − . . .− yk−1).

4.

E


(W (x, h)− 1)

∏

ω∈{0,1}k−1

f0(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 = o(1).

Let us first prove these 4 statements, and then afterwards show that this is enough to
prove the theorem.

1. Define Φ : Zk−1
N → Z2

N by

Φ(y) = (x(y),−r(y)).

We now want to prove that Φ is a uniform cover (see definition 2.4.1). It is certainly
surjective so we just need to prove that #Φ−1(z1, z2) = #Zk−1

N /#Z2
N = Nk−3 for all z1, z2 ∈

ZN . This can be done using linear algebra since Φ−1(z1, z2) is the solution (y1, . . . , yk−1)
to the following system of equations:

z1 = y1 + · · ·+ yk−1

z2 = c−1
1 y1 + · · ·+ c−1

k−1yk−1.

Since all the ci’s are non-zero and different this systems has full rank and the solution-space
will have dimension k − 1− 2 = k − 3 and hence have Nk−3 elements.

Define for j = 0, . . . , k − 1 the functions gj : Z2
N → ZN by gj(x, r) = f(x + cjr). Since

Φ is a uniform cover we get

E

(
k−1∏
j=0

gj(x, r)

∣∣∣∣∣ x, r ∈ ZN

)
= E

(
k−1∏
j=0

gj(Φ(y))

∣∣∣∣∣ y ∈ Zk−1
N

)
,

and using the definition of the gj’s and Φ we then obtain

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)
= E

(
k−1∏
j=0

fj(φj(y))

∣∣∣∣∣ y ∈ Zk−1
N

)
. (4.3.1)
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Now notice that by the definition of Jd we have

J0 = E

(
k−1∏
i=0

fi(φi(y))

∣∣∣∣∣ y ∈ Zk−1
N

)
.

Combining this with (4.3.1) we get

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)
= J0,

which concludes 1.

2. Recall that

Pd = E


 ∏

S⊆{k−d,...,k−1}
ν(φk−d−1(y

(S))

∣∣∣∣∣ y ∈ Zk−1
N , y′ ∈ Zd

N




for d ≤ k − 1. By assumption ν is k-pseudorandom, so it satisfies the (k2k−1, 3k − 4, k)-
linear forms condition, and by remark 2.3.3 it also satisfies the (2d, k−1+d, k)-linear forms
condition for all d ≤ k−1 since all the parameters are smaller. Now if d ≥ 1 we enumerate
the subsets S ⊆ {k − d, . . . , k − 1} with 1, 2, 3, . . . , 2d and define ψi : Zk−1+d

N → ZN as

ψi(y, y′) = φk−d−1(y
(Si))

for all i. If d = 0 we say that S can only be the empty set. Using the (2d, k−1+d, k)-linear
forms condition on the ψi’s gives us

Pd = E


 ∏

S⊆{k−d,...,k−1}
ν(φk−d−1(y

(S)))

∣∣∣∣∣ y ∈ Zk−1
N , y′ ∈ Zd

N


 = 1 + o(1)

for all 0 ≤ d ≤ k − 2. corollary 4.2.3 now gives us

|J0|2
k−1 ≤ Jk−1

k−2∏

d=0

|Pd|2
k−2−d

= Jk−1(1 + o(1)),

since the o(1) term is allowed to depend on k.

3. Recall that W : Z2
N → R is defined by

W (x, h) = E


 ∏

ω∈{0,1}k−1

k−1∏
i=0

ν1/2(φi(y + ωh))

∣∣∣∣∣ y1, . . . , yk−2 ∈ ZN



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where ωh is the coordinatewise product, which is the vector in Zk−1
N with (ωh)i = ωihi,

and where y = (y1, . . . , yk−2, x− y1 − · · · − yk−2). Now let y,∈ Zk−1
N be fixed and consider

the expression

E


W (x, h)

∏

ω∈{0,1}k−1

f0(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N ∈ ZN




= E


E


 ∏

ω∈{0,1}k−1

k−1∏
i=0

ν1/2(φi(y + ωh))

∣∣∣∣∣ y1, . . . , yk−2 ∈ ZN




·
∏

ω∈{0,1}k−1

f0(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




By 4. in proposition 2.2.5 we see that we can put the whole thing in one expected value.
Now we rewrite the product to only take the product over ω ∈ {0, 1}k−1 once instead of
twice to get

E


 ∏

ω∈{0,1}k−1

(
f0(x + ω · h)

k−1∏
i=0

ν1/2(φi(y + ωh))

) ∣∣∣∣∣ x, y1, . . . , yk−2 ∈ ZN , h ∈ Zk−1
N


 .

(4.3.2)
We now want to prove the following claim.

Claim. We have

{φ0(y
(S)) | S ⊆ {1, . . . , k − 1}, y′ ∈ Zk−1

N } = {x + ω · h | ω ∈ {0, 1}k−1, h ∈ Zk−1
N }. (4.3.3)

where x = φ0(y).

Let φ0(y
(S)) be an element of the LHS. Now let ω ∈ {0, 1}k−1 be defined by ωi = 1S(i)

and let h ∈ Zk−1
N be defined by hi = y′i − yi. Then

x + ω · h = y1 + · · ·+ yk−1 + 1S(i)(y′i − yi) =
∑
i∈S

y′i +
∑

i∈SC

yi = φ0(y
(S)),

so φ0(y
(S)) is also an element in the RHS of (4.3.3) with the specified ω and h.

Now let x + ω · h be an element in the RHS. Let S ⊆ {1, . . . , k − 1} be defined by

i ∈ S ⇐⇒ ωi = 1

and let y′ ∈ Zk−1
N be defined by y′i = hi + yi. Now the exact same calculations as above

gives us that x + ω · h = φ0(y
(S)) which proves the claim.

In the same way we can prove that

{y(S) | S ⊆ {1, . . . , k − 1}, y′ ∈ Zk−1
N } = {y + ωh | ω ∈ {0, 1}k−1, h ∈ Zk−1

N }.
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Due to these one-to-one correspondences we can now rewrite (4.3.2) as

E


 ∏

S⊆{1,...,k−1}

(
f0(φ0(y

(S))
k−1∏
i=0

ν1/2(φi(y
(S)))

) ∣∣∣∣∣ x, y1, . . . , yk−2 ∈ ZN , y′ ∈ Zk−1
N




which is equal to Jk−1.

4. Since we have assumed that |f0(x)| ≤ ν(x) for all x ∈ ZN it is enough to prove that

E


(W (x, h)− 1)

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 = o(1).

If we consider the LHS squared, we see by Cauchy-Schwarz (corollary 2.5.4) that it is
smaller than

E


|W (x, h)− 1|2

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




×E

 ∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 ,

and it is hence enough to prove that this is o(1). So if we can prove that

E


|W (x, h)− 1|2

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 = o(1) (4.3.4)

and

E


 ∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 = 1 + o(1), (4.3.5)

we are done, since (1 + o(1))o(1) = o(1).
Now condsider the LHS of (4.3.4). Expanding out the square we get that this expression

can be rewritten as

E


 ∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




− 2E


W (x, h)

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




+E


W (x, h)2

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 , (4.3.6)
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so it is enough to prove that each of the three expected values is 1 + o(1) because then the
above expresseion is 1 + o(1)− 2(1 + o(1)) + 1 + o(1) = o(1). Since the last term is equal
to the LHS of (4.3.5), this also takes care of proving (4.3.5) as well.

Consider the first term in (4.3.6). Since ν is k-pseudorandom, it satisfies the (k2k−1, 3k−
4, k)-linear forms condition and hence also the (2k−1, k, 1)-linear forms condition. Now
define 2k−1 linear forms Zk

N → ZN (one for each ω ∈ {0, 1}k−1) by

(x, h1, . . . , hk−1) 7→ x + ω · h,

where h = (h1, . . . , hk−1). Then the linear forms condition gives us that the first term in
(4.3.6) is 1 + o(1) as desired.

Now consider the second expected value in (4.3.6). First we need to notice that we can
write W (x, h) in another way, namely as

W (x, h) = E




k−1∏
i=1

∏

ω∈{0,1}k−1

ωi=0

ν(φi(y + ωh))

∣∣∣∣∣ y1, . . . , yk−2 ∈ ZN


 , (4.3.7)

because if we first interchange the two products, and then recall that φi is independent of
the i-th variable we see that it does not matter if ωi = 0 or ωi = 1, so if we only take
product over the ω’s with ωi = 0 we just need to take ν(φi(y + ωh))1/2 squared each time.

Once again we now use the fact that ν is k-pseudorandom, so in particular it satisfies
the (2k−2(k +1), 2k− 2, k)-linear form condition. We now want to define 2k−2(k +1) linear
forms and the use the linear forms condition on these. The variables on which we want to
define the forms are x, h1, . . . , hk−1, y1, . . . , yk−2. Define the first 2k−1 linear forms (one for
each ω ∈ {0, 1}k−1) by

(x, h1, . . . , hk−1, y1, . . . , yk−2) 7→ x + ω · h,

and define (k−1)2k−2 linear forms (one for each 1 ≤ i ≤ k−1 and each ω ∈ {0, 1}k−1 with
ωi = 0) by

(x, h1, . . . , hk−1, y1, . . . , yk−2) 7→ φi(y + ωh)

where h = (h1, . . . , hk−1), the φi’s are as defined in the beginning of the proof and y =
(y1, . . . , yk−1) where yk−1 = x − y1 − · · · − yk−2. Note that these are linear forms because
the φi’s are linear forms. This gives us 2k−1 + (k − 1)2k−2 = (k + 1)2k−1 linear forms in
total, so now we just need to see that there linear forms actually is what we are looking
for. Using (4.3.7) and 2. in proposition 2.2.5 we now get that

E


W (x, h)

∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




= E




k−1∏
i=1

∏

ω∈{0,1}k−1

ωi=0

ν(φi(y + ωh))
∏

ω∈{0,1}k−1

ν(x + ω · h)

∣∣∣∣∣ x, y1, . . . , yk−2 ∈ ZN , h ∈ Zk−1
N


 ,
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so with the linear forms we picked above and using the linear forms condition we see that
this is 1 + o(1) as we wanted.

Now consider the last term of (4.3.6). Here we will need the full magnitude of the pa-
rameters of the linear forms condition, namely the (k2k−1, 3k−4, k)-linear forms condition.
First define (k − 1)2k−2 linear forms (one for each 1 ≤ i ≤ k − 1 and each ω ∈ {0, 1}k−1

with ωi = 0) by

(x, h1, . . . , hk−1, y1, . . . , yk−2, y
′
1, . . . , y

′
k−2) 7→ φi(y + ωh).

where h = (h1, . . . , hk−1), the φi’s are as defined in the beginning of the proof and y =
(y1, . . . , yk−1) where yk−1 = x− y1 − · · · − yk−2. Then define (k − 1)2k−2 linear forms (one
for each 1 ≤ i ≤ k − 1 and each ω ∈ {0, 1}k−1 with ωi = 0) by

(x, h1, . . . , hk−1, y1, . . . , yk−2, y
′
1, . . . , y

′
k−2) 7→ φi(y

′ + ωh)

where y′ = (y′1, . . . , y
′
k−1) and y′k−1 = x − y′1 − · · · − y′k−1. Finally define 2k−1 linear forms

(one for each ω ∈ {0, 1}k−1 by

(x, h1, . . . , hk−1, y1, . . . , yk−2, y
′
1, . . . , y

′
k−2) 7→ x + ω · h.

Now we have (k− 1)2k−2 + (k− 1)2k−2 + 2k−1 = k2k−1 linear forms and these are actually
exactly the ones we needed. The term we are considering contains W (x, h)2, so let us
consider this for a moment. Using (4.3.7) and proposition 2.2.5, 5., we get that

W (x, h)2 = E




k−1∏
i=1

∏

ω∈{0,1}k−1

ωi=0

ν(φi(y + ωh))
k−1∏
j=1

∏

ω′∈{0,1}k−1

ω′i=0

ν(φj(y
′ + ω′h))

∣∣∣∣∣ y1, . . . , yk−2, y
′
1, . . . , y

′
k−2 ∈ ZN

)
.

Using this and 2. in proposition 2.2.5 to put the whole thing under one expected value we
get that the third term of (4.3.6) is the expected value over the product of the linear forms
we have defined, so using the linear forms condition we get that this is 1 + o(1), which
concludes the proof of 4.

Now we have proven the 4 claims, and all we need to do now to finish the proof is
to show that these 4 statements together implies the generalised von Neumann theorem.
Recall that we need to prove that

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)
= O

(
inf

0≤j≤k−1
‖fj‖Uk−1

)
+ o(1).
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By 1. we get that the LHS is equal to J0 so by 2. we get

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)2k−1

= J2k−1

0 ≤ Jk−1 + o(1). (4.3.8)

Now by the definition of the Uk−1-norm we have that

‖f0‖2k−1

Uk−1 = E


 ∏

ω∈{0,1}k−1

f0(x + ω · h) | x, r ∈ ZN


 .

so using 3. and 4. we get that

o(1) = E


(W (x, h)− 1)

∏

ω∈{0,1}k−1

f0(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




= E


W (x, h)

∏

ω∈{0,1}k−1

f0(x + ω · h) | x ∈ ZN , h ∈ Zk−1
N


− ‖f0‖2k−1

Uk−1

= Jk−1 − ‖f0‖2k−1

Uk−1 .

Inserting this in (4.3.8) gives us

E

(
k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)2k−1

≤ ‖f0‖2k−1

Uk−1 + o(1), (4.3.9)

but recall that we in the beginning of the proof permuted the cj and fj such that

‖f0‖Uk−1 = inf
1≤j≤k−1

‖fj‖Uk−1 ,

so taking 2k−1’th roots on both sides of (4.3.9) conludes the proof, because
√

a + b ≤√
a +

√
b so

∣∣∣∣∣E
(

k−1∏
j=0

fj(x + cjr)

∣∣∣∣∣ x, r ∈ ZN

)∣∣∣∣∣ ≤
(
‖f0‖2k−1

Uk−1 + o(1)
)1/2k−1

≤ ‖f0‖Uk−1 + o(1).

This finishes the proof.





Chapter 5

Dual functions and basic Gowers
anti-uniformity

The results and concepts of this and the following chapter will be used to prove proposi-
tion 7.1.2 which will then be used to prove Szemerédi’s theorem in pseudorandom measures
(theorem 3.1.2).

5.1 The dual space of Ud

When d ≥ 2 we let Ud denote the normed vector space of the functions ZN → R with
norm ‖·‖Ud . We showed that this is a norm in the preceeding chapter when d ≥ 2. Now let
(Ud)∗ be the dual space which consists of linear mappings Ud → R. I now claim that each
function φ ∈ (Ud)∗ can be considered as a unique function f : ZN → R by the equality

φ(g) = E (fg)

for g : ZN → R. Note that this claim actually is the Riesz representation theorem in our
setting, if we see g 7→ E (fg) as an ’integral’ with respect to a ’measure’ f . See [11] for
several fomulations and proofs of the Riesz representation theorem.

Let us now prove the claim. Each f : ZN → R certainly gives us a φ ∈ (Ud)∗ in this
way since g 7→ E (fg) is linear. Let φ ∈ (Ud)∗ be given. Now define f : ZN → R by

f(i) = Nφ(ei)

for i ∈ ZN where ei : ZN → R is the function defined by

ei(x) =

{
1 if x = i
0 otherwise

.

Since both g 7→ φ(g) and g 7→ E (fg) are linear it is enough to prove that they are equal for
g = ei for all i = 1, . . . , N becuase the ei’s span the vector space of all functions ZN → R.
We see that

E (fei) =
1

N
f(i) = φ(ei)

37
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and we are done. So there is a bijection from the dual (Ud)∗ the functions ZN → R. The
dual norm is usually (see for instance [10]) defined as

‖φ‖ = sup{|φ(g)| | g : ZN → R, ‖g‖Ud ≤ 1}.
Using the bijection given by our new version of the Riesz representation theorem this norm
can be seen as a new norm on the functions ZN → R defined as follows.

Definition 5.1.1 (The (Ud)∗ norm). Let f : ZN → R. Define the (Ud)∗ norm by

‖f‖(Ud)∗ = sup{|E (fg)| | g : ZN → R, ‖g‖Ud ≤ 1}.
This is a genuine norm, which can be proved by straightforward calculations. We now

proceed with the definition of the dual function.

Definition 5.1.2 (The dual function). Let F : ZN → R. We define the dual function
F ∗ : ZN → R of F by

F ∗(x) = E




∏

ω∈{0,1}k−1

ω 6=0

F (x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N


 ,

where ω 6= 0 means that ω 6= (0, . . . , 0).

The following lemma give us some properties of the dual norm and the dual function.

Lemma 5.1.3. Let F : ZN → R. Then we have

E (F F ∗) = ‖F‖2k−1

Uk−1 , (5.1.1)

and
‖F ∗‖(Uk−1)∗ = ‖F‖2k−1−1

Uk−1 . (5.1.2)

And if we assume that |F (x)| ≤ ν(x) + 1 for all x ∈ ZN where ν is k-pseudorandom then

‖F ∗‖L∞ ≤ 22k−1−1 + o(1). (5.1.3)

Proof. First we want to prove (5.1.1). Consider the LHS. By the definition of F ∗ we have

E (F F ∗) = E


F (x)E




∏

ω∈{0,1}k−1

ω 6=0

F (x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN


 ,

and since the factor we omit in the product is the one where ω = 0, F (x) can be seen as
this omitted factor and then put the whole thing in one expected value to get

E (F F ∗) = E


 ∏

ω∈{0,1}k−1

F (x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N , x ∈ ZN



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which by definition is ‖F‖2k−1

Uk−1 .
Now consider (5.1.2). If F = 0 we are done since 0∗ = 0 so we may assume that F 6= 0.

If we can prove that

|E (fF ∗)| ≤ ‖F‖2k−1−1
Uk−1 ‖f‖Uk−1 (5.1.4)

for all f : ZN → R we have

‖F ∗‖(Uk−1)∗ = sup{|E (fF ∗)| | f : ZN → R, ‖f‖Uk−1 ≤ 1} ≤ ‖F‖2k−1−1
Uk−1 ,

so let us prove (5.1.4). Define a {0, 1}k−1-sequence of functions ZN → R by

fω =

{
f if ω = 0
F otherwise.

Then the Gowers inner-product of this sequence is

〈(fω)ω∈{0,1}k−1〉 = E


f(x)

∏

ω∈{0,1}k−1

ω 6=0

F (x + ω · h) | x ∈ ZN , h ∈ Zk−1
N




= E


f(x)E




∏

ω∈{0,1}k−1

ω 6=0

F (x + ω · h) | h ∈ Zk−1
N


 | x ∈ ZN




= E (f(x)F ∗(x)) ,

and by the Gowers Cauchy-Schwarz (proposition 4.1.3) we thus get that

E (f(x)F ∗(x)) = 〈(fω)ω∈{0,1}k−1〉 ≤ ‖f‖Uk−1 ‖F‖2k−1−1
Uk−1

as desired. Now we need to prove that

‖F ∗‖(Uk−1)∗ ≥ ‖F‖2k−1−1
Uk−1 .

If we in the set of which we are taking supremum pick f = ‖F‖−1
Uk−1 F then ‖f‖Uk−1 = 1

and
E (fF ∗) = ‖F‖2k−1

Uk−1

by (5.1.1) so

sup{|E (fF ∗)| | f : ZN → R, ‖f‖Uk−1 ≤ 1} ≥ ‖F‖2k−1−1
Uk−1

which concludes the proof.
Finally we want to prove (5.1.3). Let ν ′ = (ν + 1)/2. We have

|F (x)| ≤ 2ν ′
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since 2ν ′ = ν+1. Now it is enough to prove that ν ′∗(x) ≤ 1+o(1) uniformly for all x ∈ ZN ,
because then

‖F ∗‖L∞ = sup
x∈ZN

|F ∗(x)|

= sup
x∈ZN

∣∣∣∣∣∣∣∣
E




∏

ω∈{0,1}k−1

ω 6=0

F (x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N




∣∣∣∣∣∣∣∣

≤ sup
x∈ZN

E




∏

ω∈{0,1}k−1

ω 6=0

2ν ′(x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N


 ,

and by (5.1.2) this is equal to

22k−1−1 sup
x∈ZN

ν ′∗(x)

which is smaller than 22k−1−1 + o(1). As seen before ν∗(x) can be written as

E




∏

ω∈{0,1}k−1

ω 6=0

ν ′(x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N


 , (5.1.5)

but since ν is k-pseudorandom, lemma 2.3.7 gives us that ν ′ is k-pseudorandom so it
satisfies the linear forms condition. The (2k−1− 1, k− 1, 1)-linear forms condition with the
2k−1 − 1 linear forms (one for each ω 6= 0)

h 7→ ω · h + x

then gives us that (5.1.5) is 1 + o(1).

5.2 Gowers anti-uniform functions

Definition 5.2.1 (Gowers anti-uniform functions). Let ν be k-pseudorandom. A function
G : ZN → R is called a Gowers anti-uniform function with respect to ν if there is a function
F : ZN → R such that |F (x)| ≤ ν(x) + 1 for all x ∈ ZN and G = F ∗.

Remark 5.2.2. When we assume the existence of a Gowers anti-uniform function G, we will
often just denote it F ∗ right away and omit the G.

Lemma 5.2.3. Let d ≥ 1 and let P be a polynomial of degree d with real coefficients
on K variables, and let F ∗

1 , . . . , F ∗
K be Gowers anti-uniform functions with respect to a

k-pseudorandom measure ν. Then

‖P (F ∗
1 , . . . , F ∗

K)‖(Uk−1)∗ = OK,d,P (1).



5.2. GOWERS ANTI-UNIFORM FUNCTIONS 41

Proof. First we may WLOG replace the Fj with Fj/2 for all j and because of lemma 2.3.7
replace ν with (ν + 1)/2, and we may therefore assume

|Fj(x)| ≤ ν(x). (5.2.1)

By linearity and the triangle-inequality we get that it is enough to prove the lemma when
P is a monomial, and if some variables appear with higher power than 1, we can repeat
that variable and thus increase the number of variables in P , so

P (x1, . . . , xK) = x1 · · · xK .

So we need to show that

‖P (F ∗
1 , . . . , F ∗

K)‖(Uk−1)∗ = OK(1),

since both the degree of P and P itself now only depends on K. By definition of the dual
norm we have to show that

E (fF ∗
1 · · ·F ∗

K) = OK(1)

for all f : ZN → R with ‖f‖Uk−1 ≤ 1. Using the definition of the dual function we can
write the LHS as

E


f(x)

K∏
i=1

E




∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN


 . (5.2.2)

Now define a map Φ : Zk−1
N × Zk−1

N → Zk−1
N by Φ(h,H) = h + H. This map is surjective,

and
#Φ−1(x) = #{(h,H) ∈ Zk−1

N × Zk−1
N | h + H = x} = Nk−1,

since for each h we can find exactly one H such that h + H = x, so Φ is a uniform cover
and (5.2.2) can be rewritten to

E


f(x)

K∏
i=1

E




∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h + ω ·H)

∣∣∣∣∣ h,H ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN




by lemma 2.4.2. We can now move the variable h to the outer expected value by 2. in
proposition 2.2.5. For each i in the product we denote H by H i. This gives us

E


f(x)

K∏
i=1

E




∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h + ω ·H i)

∣∣∣∣∣ H i ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 .

(5.2.3)
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Now define for each (H1, . . . , HK) = Ĥ ∈ (Zk−1
N )K and ω ∈ {0, 1}k−1 a function fω,Ĥ by

fω,Ĥ =

{
f if ω = 0

gω·Ĥ otherwise

where ω · Ĥ = (ω ·H1, . . . , ω ·HN) and

gu1,...,uK
(x) =

K∏
j=1

Fj(x + uj).

Now we want to prove that (5.2.3) is equal to

E
(
〈(fω,Ĥ)ω∈{0,1}k−1〉Uk−1 | Ĥ ∈ (Zk−1

N )K
)

.

By definition of the Gowers inner product and 2. in proposition 2.2.5 this is equal to

E


 ∏

ω∈{0,1}k−1

fω,Ĥ(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N , Ĥ ∈ (Zk−1

N )K


 .

Recall that when ω = 0 we have fω,Ĥ = f and fω,Ĥ = gω·H otherwise, so the above
expression is

E


f(x)

∏

ω∈{0,1}k−1

ω 6=0

gω·Ĥ(x + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N , Ĥ ∈ (Zk−1

N )K


 ,

and recalling the definition of g this is

E


f(x)

∏

ω∈{0,1}k−1

ω 6=0

K∏
i=1

Fi(x + ω ·H i + ω · h)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N , Ĥ ∈ (Zk−1

N )K


 .

Changing the order of the products this is equal to

E


f(x)

K∏
i=1

∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω ·H i + ω · h)

∣∣∣∣∣ x ∈ ZN , h, H1, . . . , HK ∈ Zk−1
N


 .

Using 2. in proposition 2.2.5 once more we get

E


f(x)

K∏
i=1

E




∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h + ω ·H i)

∣∣∣∣∣ H1, . . . , HK ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 ,



5.2. GOWERS ANTI-UNIFORM FUNCTIONS 43

but notice that the expression

∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h + ω ·H i)

is independent of Hj when j 6= i, so by 3. in proposition 2.2.5 we can omit all the Hj

where j 6= i and get

E


f(x)

K∏
i=1

E




∏

ω∈{0,1}k−1

ω 6=0

Fi(x + ω · h + ω ·H i)

∣∣∣∣∣ H i ∈ Zk−1
N




∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 ,

so we have the equality

E (fF ∗
1 · · ·F ∗

K) = E
(
〈(fω,Ĥ)ω∈{0,1}k−1〉Uk−1 | Ĥ ∈ (Zk−1

N )K
)

.

Recall that what we need to prove is that the LHS is OK(1). By the Gowers Cauchy-
Schwarz (2. in proposition 4.1.3) we can bound the RHS by

E


 ∏

ω∈{0,1}k−1

∥∥∥fω,Ĥ

∥∥∥
Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K


 ,

and recalling the definition of fω,Ĥ this can be written as

E


‖f‖Uk−1

∏

ω∈{0,1}k−1

ω 6=0

‖gω·Ĥ‖Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K


 .

So to finish the proof we need to show that this is OK(1). But ‖f‖Uk−1 ≤ 1 so it is enough
to prove that

E




∏

ω∈{0,1}k−1

ω 6=0

‖gω·Ĥ‖Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K


 = OK(1).

Now notice that the LHS can be seen as the L1(ZK
N )-norm of

Ĥ 7→
∏

ω∈{0,1}k−1

ω 6=0

‖gω·Ĥ‖Uk−1 ,
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so by using Hölders inequality (lemma 2.5.3) we get

E




∏

ω∈{0,1}k−1

ω 6=0

‖gω·Ĥ‖Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K




≤
∏

ω∈{0,1}k−1

ω 6=0

E

(
‖gω·Ĥ‖2k−1−1

Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K

) 1

2k−1−1

,

and it is therefore enough to prove that each of the factors on the RHS is OK(1) because
the number of factors only depends on k and OK(1) is allowed to depend on k. So let
ω∈{0,1}k−1

ω 6=0
be given. We want to prove that

E

(
‖gω·Ĥ‖2k−1−1

Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K

)
= OK(1),

where we can omit the outer exponent because it only depends on k. Since

x 7→ |x| 2k−1

2k−1−1

is convex, we get by Jensens inequality (lemma 2.5.2) that

E

(
‖gω·Ĥ‖2k−1−1

Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K

)
≤ E

(
‖gω·Ĥ‖2k−1

Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K

) 2k−1−1

2k−1

so it is enough to prove that

E

(
‖gω·Ĥ‖2k−1

Uk−1

∣∣∣∣∣ Ĥ ∈ (Zk−1
N )K

)
= OK(1). (5.2.4)

Now consider the map (Zk−1
N )K → ZK

N defined by

Ĥ 7→ ω · Ĥ. (5.2.5)

I now claim that this is a uniform covering. The preimage of a M = (m1, . . . ,mK) ∈ ZK
N is

{Ĥ ∈ (Zk−1
N )K | Ĥ · ω = M} = {(H1, . . . , HK) ∈ (Zk−1

N )K | H i · ω = mi ∀i}

and we need to show that this set has cardinality

#(Zk−1
N )K/#ZK

N = (N (k−1))K/NK = (Nk−2)K .
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Now write H i = (H i
1, . . . , H

i
K). The size of the pullback of M is the number of solutions

(H1, . . . , HK) to the following system of equations

m1 = ω ·H1 = ω1H
1
1 + ω2H

1
2 + · · ·+ ωk−1H

1
k−1

...

mK = ω ·HK = ω1H
K
1 + ω2H

K
2 + · · ·+ ωk−1H

K
k−1.

But since ω 6= 0 there is one i such that ωi = 1. So for each l = 1, . . . , K we can pick H l
j

freely in ZN when j 6= i, and H l
i has to be

H l
i = ml − ω1H

l
1 − ω2H

l
2 − · · · − ωi−1H

l
i−1 − ωi+1H

l
i+1 − · · · − ωk−1H

1
k−1,

so we can pick each H l in Nk−2 different ways and thus pick Ĥ = (H1, . . . , HK) in (Nk−2)K

different ways. So the map defined in (5.2.5) is a uniform covering and we can rewrite the
LHS of (5.2.4) as

E

(
‖gu1,...,uK

‖2k−1

Uk−1

∣∣∣∣∣ u1, . . . , uK ∈ ZN

)
.

By the definition of the Gowers norm and the definition of gu1,...,uK
this can be written as

E


E


 ∏

ω̃∈{0,1}k−1

K∏
i=1

Fi(x + ui + h · ω̃)

∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N




∣∣∣∣∣ u1, . . . , uK ∈ ZN


 ,

which can be written in one expected value. If we also change the order of the products
we get

E




K∏
i=1

∏

ω̃∈{0,1}k−1

Fi(x + ui + h · ω̃)

∣∣∣∣∣ x, u1, . . . , uK ∈ ZN , h ∈ Zk−1
N


 .

Noticing by 3. in proposition 2.2.5 that we can omit all the uj where i 6= j because
Fi(x + ui + h · ω̃) is independent of those we now get

E




K∏
i=1

E


 ∏

ω̃∈{0,1}k−1

Fi(x + u + h · ω̃)

∣∣∣∣∣ u ∈ ZN




∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 .

By (5.2.1) we now get that it is enough to prove that the above expression is OK(1) with
all the Fj’s replaced by ν, i.e. that

E


E


 ∏

ω̃∈{0,1}k−1

ν(x + u + h · ω̃)

∣∣∣∣∣ u ∈ ZN




K ∣∣∣∣∣ x ∈ ZN , h ∈ Zk−1
N


 = OK(1).
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Now notice that for fixed x, x + u runs through ZN when u runs through ZN so we can
replace x + u with a new variable y which runs through ZN , and then omit the x. So it is
enough to prove

E


E


 ∏

ω̃∈{0,1}k−1

ν(y + h · ω̃)

∣∣∣∣∣ y ∈ ZN




K ∣∣∣∣∣ h ∈ Zk−1
N


 = OK(1).

Now we want to apply the correlation condition (this is actually the only place in the
proof that the correlation condition is needed) on ν which gives us that there is a function
τ : ZN → R+ such that

E (τ q) = Oq(1)

for all q ≥ 1 and

E


 ∏

ω̃∈{0,1}k−1

ν(y + h · ω̃)

∣∣∣∣∣ y ∈ ZN


 ≤

∑

ω̃,ω̃′∈{0,1}k−1

ω̃ 6=ω̃′

τ(h · (ω̃ − ω̃′)),

so we have

E


E


 ∏

ω̃∈{0,1}k−1

ν(y + h · ω̃)

∣∣∣∣∣ y ∈ ZN




K ∣∣∣∣∣ h ∈ Zk−1
N




≤ E







∑

ω̃,ω̃′∈{0,1}k−1

ω̃ 6=ω̃′

τ(h · (ω̃ − ω̃′))




K ∣∣∣∣∣ h ∈ Zk−1
N


 ,

but then the RHS is the K-th power of the LK(Zk−1
N )-norm of the sum, so using the triangle

inequality we get that

E







∑

ω̃,ω̃′∈{0,1}k−1

ω̃ 6=ω̃′

τ(h · (ω̃ − ω̃′))




K ∣∣∣∣∣ h ∈ Zk−1
N




1
K

≤
∑

ω̃,ω̃′∈{0,1}k−1

ω̃ 6=ω̃′

E

(
(τ(h · (ω̃ − ω̃′)))K

∣∣∣∣∣ h ∈ Zk−1
N

) 1
K

.

So it suffices to show that

E

(
(τ(h · (ω̃ − ω̃′)))K

∣∣∣∣∣ h ∈ Zk−1
N

)
= OK(1)
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for all ω̃, ω̃′ ∈ {0, 1}k−1 with ω̃ 6= ω̃′. We now define a map Zk−1
N → ZN by

h 7→ h · (ω̃ − ω̃′).

We now claim that this is a uniform covering. If that is the case then

E

(
(τ(h · (ω̃ − ω̃′)))K

∣∣∣∣∣ h ∈ Zk−1
N

)
= E

(
τ(x)K | x ∈ ZN

)
= E

(
τK

)
= OK(1)

and we are done, so it only remains to prove that this map is a uniform covering. Let
ω̃, ω̃′ ∈ {0, 1}k−1 with ω̃ 6= ω̃′ and x ∈ ZN be given. We now need to prove that the
preimage of this x has cardinality Nk−2. But the h ∈ Zk−1

N such that h · (ω̃ − ω̃′) = x is
exactly the h ∈ Zk−1

N such that

x = h1ω̄1 + · · ·+ hk−1ω̄k−1

where ω̃− ω̃′ = (ω̄1, . . . , ω̄k−1) 6= 0 because ω̃ 6= ω̃′. If we consider this as a system of linear
equations it has non-zero determinant so the solution space has dimension k − 2, and it
has Nk−2 solutions as we claimed.

Now we are ready to prove the following proposition.

Proposition 5.2.4. Let ν be k-pseudorandom. Let K ≥ 1 and let Φ : IK → R be
a continious function, where I = [−22k−1

, 22k−1
]. Let F ∗

1 , . . . , F ∗
K be basic Gowers anti-

uniform functions and let ψ : ZN → R be defined by

ψ(x) = Φ(F ∗
1 (x), . . . , F ∗

K(x)).

Then
E ((ν − 1)ψ) = oK,Φ(1).

Furthermore, if Φ ranges over a compact set E ⊂ C0(IK) then

E ((ν − 1)ψ) = oK,E(1).

Proof. As before, we may replace ν with (ν + 1)/2 by lemma 2.3.7 if we replace Fj with
Fj/2 for all j and hence get that

|Fj(x)| ≤ ν(x)

for all j and all x ∈ ZN . Now let ε > 0 be given. By the Weierstrass approximation
theorem we get that there is a polynomial P : I → R on K variables, depending on K, Φ
and ε such that

‖Φ(x1, . . . , xK)− P (x1, . . . , xK)‖L∞ < ε.

By (5.1.3) we see that ∣∣∣∣ sup
x∈ZN

F ∗
j (x)

∣∣∣∣ ≤ 22k−1−1 + o(1),
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so for large N we have F ∗
j (x) ∈ I for all x ∈ ZN and we may insert the F ∗

j ’s in both Φ and
P to get that

‖Φ(F ∗
1 , . . . , F ∗

K)− P (F ∗
1 , . . . , F ∗

K)‖L∞ < ε.

But then

|E ((ν − 1)(Φ(F ∗
1 , . . . , F ∗

K)− P (F ∗
1 , . . . , F ∗

K)))| ≤ E (|ν| |Φ(F ∗
1 , . . . , F ∗

K)− P (F ∗
1 , . . . , F ∗

K)|)
+E (|Φ(F ∗

1 , . . . , F ∗
K)− P (F ∗

1 , . . . , F ∗
K)|)

≤ (2 + o(1))ε,

since E (ν) = 1 + o(1). And using lemma 5.2.3 we get that

‖P (F ∗
1 , . . . , F ∗

K)‖(Uk−1)∗ = OK,Φ,ε(1)

because P and hence also the degree of P depends on Φ, K and ε. By lemma 4.1.4 we have
that

‖ν − 1‖Uk−1 = o(1).

And combining these two we get that

E ((ν − 1)P (F ∗
1 , . . . , F ∗

K)) = o(1)E (P (F ∗
1 , . . . , F ∗

K)) ≤ o(1) ‖P (F ∗
1 , . . . , F ∗

K)‖(Uk−1)∗

= o(1)OK,Φ,ε(1) = oK,Φ,ε(1)

So using the estimates we have found so far we get that

|E ((ν − 1)Φ(F ∗
1 , . . . , F ∗

K))| ≤ |E ((ν − 1)(Φ(F ∗
1 , . . . , F ∗

K)− P (F ∗
1 , . . . , F ∗

K)))|
+ |E ((ν − 1)P (F ∗

1 , . . . , F ∗
K))| = (2 + o(1))ε + oK,Φ,ε(1)

and for sufficiently large N , this is smaller than 4ε so we are done since ε > 0 was picked
arbitrarily.

Now let E ⊆ C0(IK) be a compact set (in the uniform topology) and let η > 0 be
given. We have

E ⊆
⋃
Φ∈E

BΦ(η)

where Bx(η) is the open ball of radius η with center x. Since E is compact we also have

E ⊆
⋃

Φ∈X

BΦ(η)

where X ⊆ E is a finite set. Now for each Φ ∈ X we have

|E ((ν − 1)Φ(F ∗
1 , . . . , F ∗

K))| = oK,Φ(1)

Now let Φ′ ∈ X be the Φ that makes the LHS largest. Then

|E ((ν − 1)Φ(F ∗
1 , . . . , F ∗

K))| = oK,Φ′(1) = oK,E(1)
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for all Φ ∈ X because our choice of Φ′ only depends on E. Now let Ψ ∈ E be given. Then
there is Φ ∈ X such that

‖Ψ− Φ‖L∞ < η.

Then

|E ((ν − 1)Ψ(F ∗
1 , . . . , F ∗

K))| ≤ |E ((ν − 1)Ψ(F ∗
1 , . . . , F ∗

K))−E ((ν − 1)Φ(F ∗
1 , . . . , F ∗

K))|
+ |E ((ν − 1)Φ(F ∗

1 , . . . , F ∗
K))|

< |ηE (ν − 1)|+ oK,E(1)

= oK,E(1)

because E (ν − 1) = o(1).





Chapter 6

σ-algebras on ZN

6.1 Definitions and notation

Let us define what we consider as a σ-algebra in this context.

Definition 6.1.1 (σ-algebras and atoms). A collection of subsets B ⊆ 2ZN is called a
σ-algebra if

1. ∅,ZN ∈ B,

2. A ∈ B ⇒ ZN \ A = AC ∈ B,

3. A,B ∈ B ⇒ A ∪B ∈ B,

4. A,B ∈ B ⇒ A ∩B ∈ B.

An element A ∈ B is called an atom of B if A 6= ∅ and A is minimal in B with respect to
inclusion

(B ⊆ A and B ∈ B \ {∅}) ⇒ B = A.

Note that we only need to consider finite unions and intersections, since the set ZN is
finite and so every σ-algebra will be finite.

The following lemma states that the atoms of a σ-algebra forms a partition of ZN .

Lemma 6.1.2. Let B be a σ-algebra and let A1, . . . , An ∈ B be the distinct atoms of B.
Then Ai ∩ Aj = ∅ if i 6= j,

A1 ∪ · · · ∪ An = ZN ,

and each B ∈ B can be written as

B =
⋃
i∈I

Ai

for some I ⊆ {1, . . . , n}.

51
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Proof. There are three things to prove. Assume that there are i 6= j such that Ai∩Aj 6= ∅.
Now let B = Ai ∩ Aj. By the definition of σ-algebras we have that

∅ 6= B = Ai ∩ Aj ∈ B
and B ⊆ Ai and B ⊆ Aj. But by the definition of atoms this implies that Aj = B = Ai

which is a contradiction.
Now we want to prove that the atoms form a partition of ZN . Let x ∈ ZN be given,

we will now find an atom that contains x. Let C1 = ZN .
Now let i ≥ 1. If Ci is an atom we are done, otherwise there is a non-trivial subset

C ′
i ⊂ Ci. If x ∈ C ′

i, let Ci+1 = C ′
i, otherwise let Ci+1 = Ci \ C ′

i = C ′C
i ∩ Ci. Then

x ∈ Ci+1 ∈ B, and we can increase i by 1 and perform the step again.
If we continue like this, we will at some point end up with a Cj which is an atom,

because if not, the algorithm would go on forever and this would give an infinitely long
inclusion sequence

C1 ⊃ C2 ⊃ C3 ⊃ · · · ,

but there only are finitely many elements of B, so the algorithm will terminate with some
atom Cj with x ∈ Cj, and we are done.

The last thing we need to prove is that each element B ∈ B can be written as a union
of atoms. This can also be done by a recursive algorithm. Let B ∈ B and define a tree
with B being the top node. Now if B is an atom, we are done. Otherwise there is a subset
B′ ⊂ B such that B′ ∈ B. Notice also that B′′ = B \ B′ = B′C ∩ B ∈ B by the definition
of σ-algebras. Let B′ and B′′ be child nodes of B. Now if B′ and B′′ both are atoms, we
are done. If one of them is not, we can start the algorithm again with this one being B.
This gives a tree, which must be finite by the same argument as before, and where the
leafs are atoms whose union is exactly B since everywhere in the tree the child nodes form
a partition of the parent node.

Notice also that we can define a σ-algebra by giving a partition of ZN – the elements
of this partition will then be the atoms of the new σ-algebra. Now we define the concept
of measurability of functions.

Definition 6.1.3 (Measureable function). Let B be a σ-algebra. A function f : ZN → R
is measureable with respect to B if

f−1({x}) ∈ B.

This is equivalent to saying that for all atoms A ∈ B we have f(x) = f(y) if x, y ∈ A.

This gives us the possibility to define conditional expectations.

Definition 6.1.4 (Conditional expectations). For a σ-algebra B and a function f : ZN →
R, we define the function E (f | B) : ZN → R by

E (f | B) (x) = E (f(y) | y ∈ B(x))

for x ∈ ZN , where B(x) is the unique atom containing x.
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Proposition 6.1.5. The conditional expectation is linear and it preserves positivity and
constant functions. If f : ZN → R and A ∈ B we have

E (1AE (f | B)) = E (1Af) , (6.1.1)

and if f is B-measureable for some σ-algebra B then

E (f | B) (x) = f(x)

for all x ∈ ZN .

Proof. The linearity comes from the fact that the expected value is linear, and the preser-
vation of positivity and constant functions is clear.

Now let f : ZN → R and A ∈ B. It is enough to prove (6.1.1) for A ∈ B being an atom
because if A1 ∪ · · · ∪ Ai is a partition of A then

E (1AE (f | B)) = E (1A1E (f | B)) + · · ·+E (1Ai
E (f | B))

= E (1A1f) + · · ·+E (1Ai
f) = E (1Af) .

By definition we have

E (1AE (f | B)) =
1

N

∑
x∈ZN

1A(x)
1

#B(x)

∑

y∈B(x)

f(y).

Now notice that if x ∈ A then B(x) = A. So the above expression can be rewritten to

1

N

∑
x∈ZN

1A(x)
1

#A

∑
y∈A

f(y) = E (1AE (f(x) | x ∈ A)) .

By proposition 2.2.5 this is equal to E (1A(x)f(y) | x ∈ ZN , y ∈ A). Notice now that the
map ZN × A → ZN defined by (x, y) 7→ x is a uniform cover because the pullback of an
element x ∈ ZN is {x} × A which has cardinality #A. This gives us

E (1A(x)f(y) | x ∈ ZN , y ∈ A) = E (1Af)

as desired.
Now assume that f is B-measureable. Then

E (f | B) (x) = E (f(y) | y ∈ B(x))

and for all x ∈ ZN we have that f(y) = f(x) for all y ∈ B(x) so the above expression is
equal to

E (f(x) | y ∈ B(x)) = f(x).

We now prove that measurable functions act as constants in conditional expectations.
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Lemma 6.1.6. Let f, g : ZN → R and assume that f is B-measurable. Then

fE (g | B) = E (fg | B) .

Proof. Since f is constant on all atoms of B we have for a given x ∈ ZN that f(y) = c for
all y ∈ B(x) and hence

E (fg | B) (x) = E (f(y)g(y) | y ∈ B(x)) = E (cg(y) | y ∈ B(x)) = f(x)E (g | B) .

The following corollary tells us that any B-measurable function is orthogonal to its own
orthogonal compliment.

Corollary 6.1.7. Let f, g : ZN → R and assume that f is B-measurable. Then

E (fg − fE (g | BK)) = 0.

Definition 6.1.8 (Union of σ-algebras). Let B1, . . . ,Bn be σ-algebras. Then we define

n∨
i=1

Bi = B1 ∨ · · · ∨ Bn

to be the σ-algebra generated by B1, . . . ,Bn, and we define it by saying that the atoms of
this σ-algebra are the sets

n⋂
i=1

Ai,

where Ai is an atom of Bi for all i = 1, . . . , n. Not all expressions of this form gives an
atom though since some of the intersections can be empty and ∅ is by definition not an
atom.

6.2 Two propositions

Proposition 6.2.1. Let ν be a k-pseudorandom measure, let 0 < ε < 1, 0 < η < 1/2 and
let G : ZN → I = [−22k−1

, 22k−1
]. Then there exists a σ-algebra Bε,η(G) such that

1. For any σ-algebra we have

‖G−E (G | B ∨ Bε,η(G))‖L∞ ≤ ε.

2. Bε,η(G) has O(ε−1) atoms.

3. If A is an atom of Bε,η(G) then there is a continous function ΨA : I → [0, 1] such
that

E ((1A −ΨA(G))(ν + 1)) = O(η),

and ΨA ∈ Eε,η ⊂ C0(I) where Eε,η is compact and independent of G, ν, N and A.



6.2. TWO PROPOSITIONS 55

Proof. Let ε, η and G be given as in the proposition. Consider the following expression

1∫

0

∑
n∈Z

E
(
1[ε(n−η+α),ε(n+η+α)](G(x))(ν(x) + 1) | x ∈ ZN

)
dα. (6.2.1)

Now define

In,α = G−1([ε(n− η + α), ε(n + η + α)]).

Then (6.2.1) can be rewritten as

1∫

0

∑
n∈Z

E
(
1In,α(x)(ν(x) + 1) | x ∈ ZN

)
dα.

For fixed α and sufficiently large n we have In,α = ∅, so the sum is finite and we can
therefore interchange expected value and sum. Since η < 1/2 the In,α’s are disjoint for
fixed α and we can write the sum of indicator functions as an indicator function over a
union to get that the above expression is

1∫

0

E (1Mα(x)(ν(x) + 1) | x ∈ ZN) dα, (6.2.2)

where

Mα =
⋃
n∈Z

In,α.

Now let

Ex =
⋃
n∈Z

[ε(G(x)− n− η), ε(G(x)− n + η)]

for x ∈ ZN . Then

1Mα(x) = 1Ex(α)

for all 0 ≤ α ≤ 1 and x ∈ ZN . So (6.2.2) is equal to

E


(ν(x) + 1)

1∫

0

1Ex(α) dα | x ∈ ZN


 . (6.2.3)

Notice now that if we fix x ∈ ZN , then α can only be in a set of the form [ε(G(x) − n −
η), ε(G(x)− n + η)] for at most one n ∈ Z because 0 ≤ α ≤ 1 and hence

1∫

0

1Ex(α) dα ≤ 2εη ≤ 2η
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for each x ∈ ZN . So (6.2.3) is smaller than

2ηE (ν(x) + 1 | x ∈ ZN) ,

and since ν is a measure we have E (ν) = 1 + o(1) so (6.2.1) is O(η). Now if the interior
function of the integral is not O(η) for any 0 ≤ α ≤ 1 then the integral could not be O(η)
so there must exist 0 ≤ α ≤ 1 such that

∑
n∈Z

E
(
1[ε(n−η+α),ε(n+η+α)](G(x))(ν(x) + 1) | x ∈ ZN

)
= O(η).

Let such an α be fixed. Now define the σ-algebra Bε,η(G) to be the σ-algebra with atoms

G−1([ε(n + α), ε(n + 1 + α))), n ∈ Z.

Some of these might be empty (because we do not require that G is surjective and G only
takes its values in I) and will hence be discarded. The non-empty ones form a partition of
ZN because the intervals [ε(n + α), ε(n + 1 + α)), n ∈ Z forms a partition of the real line.

If we let B be a σ-algebra then any atom of B ∨ Bε,η(G) must be the intersection of an
atom from B and one from Bε,η(G) and hence be a subset of G−1([ε(n + α), ε(n + 1 + α)))
for some n ∈ Z, so on this atom G takes its values on the interval [ε(n + α), ε(n + 1 + α))
and so

‖G−E (G | B ∨ Bε,η(G))‖L∞ = sup
x∈ZN

‖G(x)−E (G | B ∨ Bε,η(G)) (x)‖

= sup
x∈ZN

‖E (G(x)−G(y) | y ∈ (B ∨ Bε,η(G))(x))‖

≤ ε

which proves the first claim in the proposition.
Now let

A = G−1([ε(n + α), ε(n + 1 + α)))

be an atom of Bε,η(G). Notice that G(x) ∈ I for all x ∈ ZN so we may assume that

|ε(n + 1 + α)| ≤ 22k−1
, so n = O(ε−1) since A would be empty for bigger |n|. This proves

the second claim in the proposition.
Let A and n be given as above. Now define ψη : R→ [0, 1] such that ψη is continuous

and such that

ψη(x) =

{
1 if η ≤ x ≤ 1− η
0 if x ≤ −η or x ≥ 1 + η.

Now define ΨA : R→ [0, 1] by

ΨA(x) = ψη(
x

ε
− n− α). (6.2.4)

Recall that
∑
m∈Z

E
(
1[ε(m−η+α),ε(m+η+α)](G(x))(ν(x) + 1) | x ∈ ZN

)
= O(η).
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Now if we can prove that

E ((1A −ΨA(G))(ν + 1)) ≤
∑
n∈Z

E
(
1[ε(n−η+α),ε(n+η+α)](G(x))(ν(x) + 1) | x ∈ ZN

)
(6.2.5)

we have

E ((1A −ΨA(G))(ν + 1)) = O(η),

which proves the last claim in the proposition. To prove (6.2.5) it is enough to prove that
there is an m ∈ Z such that

1A(x)−ΨA(G(x)) ≤ 1[ε(m−η+α),ε(m+η+α)](G(x))

for all x ∈ ZN because all the terms in the sum on the RHS are non-negative.
If the LHS is 0 there is nothing to prove. The LHS is positive but ≤ 1 when x ∈ A

and ΨA(G(x)) /∈ [η, 1 − η]. In that case we need the RHS to be 1 so we need G(x) ∈
[ε(m− η + α), ε(m + η + α)] for some m ∈ Z. But since x ∈ A we have

G(x) ∈ [ε(n + α), ε(n + 1 + α)],

so we have G(x) ∈ [ε(m− η + α), ε(m + η + α)] for m = n or m = n− 1. This proves the
claim.

Now recall that n = O(ε−1) and 0 ≤ α ≤ 1 and recall that ΨA only depends on n, α, ε
and η. Now all of these parameters are bounded and their bounds depend only on ε and
η so we can find a closed and bounded (and hence compact) set Êε,η ⊆ Z×R3 such that

(n, α, ε, η) ∈ Êε,η. Now we can define a map Êε,η → C0(I) such that (n, α, ε, η) 7→ ΨA as
in (6.2.4). This map is continuous (if we use the product topology on the domain where we
on Z can use the trivial topology where all subsets are open) so the image is also compact.
Denote this image Eε,η ∈ C0(I), then we have ΨA ∈ Eε,η.

The following proposition is quite technical, but it states that given a pseudorandom
measure ν and some Gowers anti-uniform functions we can define a σ-algebra B from the
σ-algebras we defined in proposition 6.2.1 from each of the functions. The conditional
expectation of each of these functions with respect to B will then not be far from the
functions themselves, and furthermore there is a set in B such that ν + 1 will be small on
this set and such that the condional expectation of ν − 1 will be small on the complement
of the set.

Proposition 6.2.2. Let ν be a k-pseudorandom measure. Let K ≥ 1 and let F ∗
1 , . . . , F ∗

K

be Gowers anti-uniform functions. Let 0 < ε < 1 and 0 < η < 1/2 and let Bε,η(F
∗
j ), j =

1, . . . , K be the σ-algebras given by proposition 6.2.1. Let

B =
K∨

j=1

Bε,η(F
∗
j ).
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If η < η0(ε,K) is sufficiently small and N > N0(ε, K, η) is sufficiently large then

∥∥F ∗
j −E

(
F ∗

j | B
)∥∥

L∞ ≤ ε

for j = 1, . . . , K, and there exists a set Ω ∈ B such that

E ((ν + 1)1Ω) = OK,ε(η
1/2)

and
‖(1− 1Ω)E (ν − 1 | B)‖L∞ = OK,ε(η

1/2).

Proof. The first claim follows directly from the first claim of proposition 6.2.1 since we can
write

B = Bε,η(F
∗
j ) ∨ (

∨

i6=j

Bε,η(F
∗
i )).

Now we proceed to the second claim. From proposition 6.2.1 we see that each Bε,η(F
∗
j )

has O(ε−1) atoms. Now recall that each of B’s atoms is an intersection of one atom from
each Bε,η(F

∗
j ), j = 1, . . . , K, so we can safely claim that B has no more than OK,ε(1) atoms.

For the remainder of this proof we call an atom A ∈ B small if

E ((ν + 1)1A) ≤ η1/2.

Now let Ω be the union of all small atoms. By the definition of σ-algebras we then have
Ω ∈ B and

E ((ν + 1)1Ω) = E

(
(ν + 1)

∑

A small

1A

)
=

∑

A small

E ((ν + 1)1A)

which is smaller than the number of small atoms times η1/2, and since the number of
atoms is OK,ε(1) the above expression is OK,ε(η

1/2) which proves the second claim of the
proposition.

To prove the last claim it suffices to prove that

E (ν(x)− 1 | x ∈ A) = oK,ε,η(1) + OK,ε(η
1/2), (6.2.6)

for all atoms A which are not small, because if we let Ω′ be the union of all the non small
atoms then

‖(1− 1Ω)E (ν − 1 | B)‖L∞ = sup
x∈ZN

|1Ω′(x)E (ν(y)− 1 | y ∈ B(x))|

= sup
x∈ZN

∣∣∣∣∣
∑

A not small

1A(x)E (ν(y)− 1 | y ∈ B(x))

∣∣∣∣∣
≤

∑

A not small

sup
x∈ZN

|E (1A(x)(ν(y)− 1) | y ∈ B(x))| .
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Now notice that the terms are zero when x /∈ A so we might as well take average over A
instead of over B(x), because when x ∈ A then B(x) = A. Then the above expression is
equal to ∑

A not small

sup
x∈ZN

|E ((ν(y)− 1) | y ∈ A)|

and we now see that if we have (6.2.6) then this is smaller than the number of non small
atoms times oK,ε,η(1) + OK,ε(η

1/2), and since there is OK,ε(1) atoms we get that the above
expression is OK,ε(η

1/2) so

‖(1− 1Ω)E (ν − 1 | B)‖L∞ = OK,ε(η
1/2),

which proves the claim. So let us prove (6.2.6). Notice that

E (ν(x)− 1 | x ∈ A) =
E ((ν(x)− 1)1A(x) | x ∈ ZN)

#A/N
(6.2.7)

=
E ((ν(x)− 1)1A(x) | x ∈ ZN)

E (1A)
, (6.2.8)

and

E ((ν(x)− 1)1A(x) | x ∈ ZN) + 2E (1A) = E ((ν(x) + 1)1A(x) | x ∈ ZN) > η1/2 (6.2.9)

because A is not small. Now we claim that we can use these two statements to prove
(6.2.6) if we have

E ((ν(x)− 1)1A(x) | x ∈ ZN) = oK,ε(1) + OK,ε(η) (6.2.10)

because then we can use (6.2.7) to get

E (ν(x)− 1 | x ∈ A) =
oK,ε(1) + OK,ε(η)

E (1A)
,

and then use (6.2.9) to see that

E (1A) > 2(E (ν(x)− 1 | x ∈ A) + η1/2),

and combining these we get

E (ν(x)− 1 | x ∈ A) <
oK,ε(1) + OK,ε(η)

2(E (ν(x)− 1 | x ∈ A) + η1/2)
= (oK,ε,η(1) + OK,ε(η

1/2))

when N is sufficiently large and η is sufficiently small. So now we need to prove (6.2.10)
to finish the proof.

Since A is an atom of B we know that A = A1∩· · ·∩AK where Ai is an atom in Bε,η(F
∗
i )

for i = 1, . . . , K. So for each i we get from proposition 6.2.1 that there is a continuous
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function ΨAi
: I → [0, 1], because we get from lemma 5.1.3 that F ∗

i takes its values in I,
such that

E (|(1Ai
−ΨAi

(F ∗
i ))(ν + 1)|) = O(η).

Now define ΨA : IK → [0, 1] by

ΨA(x1, . . . , xK) = ΨA1(x1) · · ·ΨAK
(xK).

Then

E (|(1A −ΨA(F ∗
1 , . . . , F ∗

K))(ν + 1)|) = E (|(1A1 · · ·1AK
−ΨA1(F

∗
1 ) · · ·ΨAK

(F ∗
K))(ν + 1)|) .

We now want to prove that this is OK(η). By induction it is enough to prove that it is
true for K = 2. Completing the square we get that

E (|(1A11A2 −ΨA1(F
∗
1 )ΨA2(F

∗
2 ))(ν + 1)|) ≤ E (|(1A1 −ΨA1(F

∗
1 ))(1A2 −ΨA2(F

∗
2 ))| (ν + 1))

+E (|1A1 −ΨA1(F
∗
1 ))ΨA2(F

∗
2 )|) +E (|(1A2 −ΨA2(F

∗
2 ))ΨA1(F

∗
1 )|) . (6.2.11)

The first term can be bounded using Cauchy-Schwarz by
(
E

(
(1A1 −ΨA1(F

∗
1 ))2

)
E

(
(1A2 −ΨA2(F

∗
2 ))2

) )1/2
,

And since |1Ai
−ΨAi

(F ∗
i )| ≤ 1 for i = 1, 2 this is less than

(
E (|1A1 −ΨA1(F

∗
1 )|)E (|1A2 −ΨA2(F

∗
2 )|))1/2,

which is O(η). We now need to consider the last two terms of (6.2.11). Let us consider the
second term. Since ΨA2(F

∗
2 ) ≤ 1 we have

E (|1A1 −ΨA1(F
∗
1 ))ΨA2(F

∗
2 )|) ≤ E (|1A1 −ΨA1(F

∗
1 )|) .

This is O(η) and the same argument shows that the third term of (6.2.11) also is O(η).
This finishes the induction step and hence the proof of the claim.

Since 1A −ΨA(F ∗
1 , . . . , F ∗

K) ≥ 0 we have

E (|ν − 1| |1A −ΨA(F ∗
1 , . . . , F ∗

K)|) = OK(η).

As all ΨAi
ranges over a compact set in C0(IK) independent of Ai, ΨA must also range

over a compact set so from proposition 5.2.4 we get that

E ((ν − 1)ΨA(F ∗
1 , . . . , F ∗

K)) = oK,E(1),

where E = Eε,η ⊂ C0(IK) is the compact subset ΨA ranges over. So we get

E ((ν − 1)1A) = OK(η)− oK,E(1) = OK(η) + oε,η,K(1),

as we wanted. Now η can be picked arbitrarily small depending on ε and K, so this is

OK,ε(η) + oε,K(1)

which finishes the proof.



Chapter 7

Furstenberg Tower

7.1 The Furstenberg tower

First we will prove the following rather technical proposition. This will be used to prove
proposition 7.1.2 which will be just what we need to finish the proof of Szemerédi’s theorem
in pseudorandom measures. The propositions of this chapter are, as the von Neumann
theorem in chapter 4, inspired by the ergodic theoretical proof of Szemerédi’s theorem [3].

Proposition 7.1.1. Let ν be a k-pseudorandom measure, and let f : ZN → R such that

0 ≤ f(x) ≤ ν(x)

for all x ∈ ZN . Let 0 < ε < 1 be small and let K ≥ 0 be an integer. Assume that η ≤
η0(ε,K) is sufficiently small and that N > N0(ε,K, η) is sufficiently large. Let F1, . . . , FK :
ZN → R satisfy

|Fj(x)| ≤ (1 + OK,ε(η
1/2))(ν(x) + 1) (7.1.1)

for all 1 ≤ j ≤ K and x ∈ ZN . Let

BK = Bε,η(F
∗
1 ) ∨ · · · ∨ Bε,η(F

∗
K). (7.1.2)

where Bε,η(F
∗
j ), 1 ≤ j ≤ K is as defined in proposition 6.2.1 (note that for this to be well-

defined, we need to prove that F ∗
1 , . . . , F ∗

K all take values in the interval [−22k−1
, 22k−1

] –
this will be proved in 3. of the proof of this proposition). Suppose that there exists ΩK ∈ ZN

such that
E ((ν + 1)1ΩK

) = OK,ε(η
1/2) (7.1.3)

and
‖(1− 1ΩK

)E (ν − 1 | BK)‖L∞ = OK,ε(η
1/2). (7.1.4)

Now define
FK+1 = (1− ΩK)(f −E (f | BK))

and
BK+1 = BK ∨ Bε,η(F

∗
K+1),

61
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and suppose that ‖FK+1‖Uk−1 > ε1/2k
. Then there exists a set ΩK+1 ⊇ ΩK such that the

following is true.

1. ‖(1− 1ΩK
)E (f | BK)‖∞ ≤ 1 + OK,ε(η

1/2),

2. |FK+1(x)| ≤ (1 + OK,ε(η
1/2))(ν(x) + 1),

3. E
(
(ν + 1)1ΩK+1

)
= OK,ε(η

1/2),

4.
∥∥(1− 1ΩK+1

)E (ν − 1 | BK+1)
∥∥

L∞ = OK,ε(η
1/2),

5. E
(∣∣(1− 1ΩK+1

)E (f | BK+1)
∣∣2

)
≥ E

(|(1− 1ΩK
)E (f | BK)|2) + 2−2k+1ε.

Proof. Let everything be given as in the theorem. Let us prove the 5 statements one at a
time.

1. From the triangle inequality and (7.1.4) we get that

‖(1− 1ΩK
)E (ν | BK)‖L∞ ≤ ‖(1− 1ΩK

)E (ν − 1 | BK)‖L∞ + ‖1− 1ΩK
‖L∞

= 1 + OK,ε(η
1/2).

We have 0 ≤ f(x) ≤ ν(x) for all x ∈ ZN so

‖(1− 1ΩK
)E (f | BK)‖L∞ ≤ ‖(1− 1ΩK

)E (ν | BK)‖L∞ = 1 + OK,ε(η
1/2),

which concludes 1.

2. From the definition of FK+1 we get

|FK+1(x)| = |(1− 1ΩK
(x))(f(x)−E (f | BK) (x))|

≤ |(1− 1ΩK
(x))f(x)|+ |(1− 1ΩK

(x))E (f | BK) (x)|
for all x ∈ ZN . Since 0 ≤ f(x) ≤ ν(x) and ν(x) ≥ 0 for all x ∈ ZN we get

|(1− 1ΩK
(x))f(x)| ≤ |(1− 1ΩK

(x))ν(x)| = (1− 1ΩK
(x))ν(x)

and from 1. we get that

|(1− 1ΩK
(x))E (f | BK) (x)| ≤ 1 + OK,ε(η

1/2)

for all x ∈ ZN . Putting these together we get

|FK+1(x)| ≤ (1− 1ΩK
(x))ν(x) + 1 + OK,ε(η

1/2).

And since 1− 1ΩK
(x) ≤ 1 + OK,ε(η

1/2) we get

|FK+1(x)| ≤ (1 + OK,ε(η
1/2))(1 + ν(x))

as desired.
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3. First we need to see that if a ∈ R we have

(aF )∗ = E


 ∏

ω∈{0,1}k−1,ω 6=0

aF (x + ω · h)

∣∣∣∣∣ h ∈ Zk−1
N


 = a2k−1−1F ∗. (7.1.5)

From the assumptions and 2. we get that

|Fj(x)| ≤ (1 + OK,ε(η
1/2))(1 + ν(x))

for 0 ≤ j ≤ K + 1. Now let 0 ≤ j ≤ K + 1 be given. We define F̃j = Fj/(1 + OK,ε(η
1/2))

such that ∣∣∣F̃j(x)
∣∣∣ ≤ 1 + ν(x)

and by lemma 5.1.3 we then get

∥∥∥F̃ ∗
j

∥∥∥
L∞

≤ 22k−1−1 + o(1)

and (7.1.5) then gives us

∥∥F ∗
j

∥∥
L∞ ≤ (1 + OK,ε(η

1/2))2k−1−1(22k−1−1 + o(1)).

Now all constants are allowed to depend on k, so we have

(1 + OK,ε(η
1/2))2k−1−1 = 1 + OK,ε(η

1/2)

since η < 1. We can pick N as large as we want depending on K, ε and η, so the term o(1)
can be put inside the OK,ε(η

1/2)-term, and we have

22k−1−1OK,ε(η
1/2) = OK,ε(η

1/2)

again because the constant is allowed to depend on k. So all in all we get

∥∥F ∗
j

∥∥
L∞ ≤ 22k−1−1 + OK,ε(η

1/2), (7.1.6)

and this is true for all 0 ≤ j ≤ K + 1. So for sufficiently small η and ε we can apply
proposition 6.2.2 on these functions – recall that they had to take values in the interval
[−22k−1

, 22k−1
], so this ensures that we can define the σ-algebras like in proposition 6.2.1.

From proposition 6.2.2 we now get a set Ω ∈ BK+1 such that

E ((ν + 1)1Ω) = OK,ε(η
1/2)

so if we now define ΩK+1 = ΩK ∪ Ω, then this finishes the proof of 3. because

E
(
(ν + 1)1ΩK+1

) ≤ E ((ν + 1)1Ω) +E ((ν + 1)1ΩK
) = OK,ε(η

1/2).
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4. The application of proposition 6.2.2 in the proof of 3. also gives us

‖(1− 1Ω)E (ν − 1 | BK+1)‖L∞ = OK,ε(η
1/2).

Since the above expression can be seen as the maximum of E (ν − 1 | BK+1) on the set
ZN \ Ω and we have

ZN \ ΩK+1 ⊆ ZN \ Ω

we get that ∥∥(1− 1ΩK+1
)E (ν − 1 | BK+1)

∥∥
L∞ = OK,ε(η

1/2).

5. From the definition of FK+1 we have

∣∣E (
(1− 1ΩK+1

)(f −E (f | BK))F ∗
K+1

)∣∣ =
∣∣E (

FK+1 · F ∗
K+1

)∣∣

and by lemma 5.1.3 we get that

∣∣E (
FK+1F

∗
K+1

)∣∣ = ‖FK+1‖2k−1

Uk−1 .

Recall that we assumed ‖FK+1‖Uk−1 > ε1/2k
, which all in all gives us

∣∣E (
(1− 1ΩK+1

)(f −E (f | BK))F ∗
K+1

)∣∣ ≥ ε1/2. (7.1.7)

On the other hand we have

∣∣E (
(1ΩK+1

− 1ΩK
)(f −E (f | BK))F ∗

K+1

)∣∣
≤ E

(
(1ΩK+1

− 1ΩK
) |f −E (f | BK)|

∣∣F ∗
K+1

∣∣)

≤
∥∥F ∗

K+1

∥∥
L∞ E

(
(1ΩK+1

− 1ΩK
) |f −E (f | BK)|) .

Since η is small (in particular η < 1) we get from (7.1.6) that
∥∥F ∗

K+1

∥∥
L∞ = OK,ε(1), so the

above expression is equal to

OK,ε(1)E
(
(1ΩK+1

− 1ΩK
) |f −E (f | BK)|) . (7.1.8)

Since ΩK+1 \ ΩK ⊆ ZN \ ΩK , we have

f(x)−E (f | BK) (x) = FK+1(x)

for all x ∈ ΩK+1 \ ΩK , so for all x ∈ ZN we have

(1ΩK+1
− 1ΩK

) |f(x)−E (f | BK) (x)| = (1ΩK+1
− 1ΩK

)|FK+1(x)|

which by 2. is (1 + OK,ε(η
1/2))(ν(x) + 1), and since η < 1 this is OK,ε(1)(ν(x) + 1). So

(7.1.8) can be rewritten as

OK,ε(1)E
(
(1ΩK+1

− 1ΩK
)(ν + 1)

)
,
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and from 3. and (7.1.3) we get that this is OK,ε(η
1/2). Putting everything together we get

∣∣E (
(1ΩK+1

− 1ΩK
)(f −E (f | BK))F ∗

K+1

)∣∣ ≤ OK,ε(η
1/2). (7.1.9)

We also have

∣∣E (
(1− 1ΩK+1

)(f −E (f | BK))(F ∗
K+1 −E

(
F ∗

K+1 | BK+1

)
)
)∣∣

≤
∥∥F ∗

K+1 −E
(
F ∗

K+1 | BK+1

)∥∥
L∞ E

(
(1− 1ΩK+1

) |f −E (f | BK)|) ,

and when we in the proof of 3. applied proposition 6.2.2 on F ∗
K+1 we also got that for any

σ-algebra B we have

∥∥F ∗
K+1 −E

(
F ∗

K+1 | B ∨ Bε,η(F
∗
K+1)

)∥∥
L∞ ≤ ε,

so if we let B = BK we get

∥∥F ∗
K+1 −E

(
F ∗

K+1 | BK+1

)∥∥
L∞ ≤ ε. (7.1.10)

As before we can bound f −E (f | BK) by (Oε,K(η1/2) + 1)(ν + 1) and thus get that

E
(
(1− 1ΩK+1

) |f −E (f | BK)|) ≤ (Oε,K(η1/2) + 1)E
(
(1− 1ΩK+1

)(ν + 1)
)
.

Now since ν is a measure, this is smaller than (Oε,K(η1/2) + 1)(2 + o(1)), so using this and
(7.1.10) we get that

∣∣E (
(1− 1ΩK+1

)(f −E (f | BK))(F ∗
K+1 −E

(
F ∗

K+1 | BK+1

)
)
)∣∣

≤ ε(Oε,K(η1/2) + 1)(2 + o(1)) = O(ε), (7.1.11)

if we pick η sufficiently small compared to ε and K.
Combining (7.1.7), (7.1.9) and (7.1.11) with the triangle inequality we get

∣∣E (
(1− 1ΩK+1

)(f −E (f | BK))E
(
F ∗

K+1 | BK+1

))∣∣ ≥ ε1/2 −OK,ε(η
1/2)−O(ε).

Now the LHS here is equal to

E
(
E

(
(1− 1ΩK+1

)(f −E (f | BK))E
(
F ∗

K+1 | BK+1

) | BK+1

))

by proposition 6.1.5, and since 1 − 1ΩK+1
,E (f | BK) and E

(
F ∗

K+1 | BK+1

)
all are BK+1

measureable, this is equal to

E
(
(1− 1ΩK+1

)(E (f | BK+1)−E (f | BK))E
(
F ∗

K+1 | BK+1

))
.

By Cauchy-Schwarz (corollary 2.5.4) this is smaller than

E
(
(1− 1ΩK+1

)2(E (f | BK+1)−E (f | BK))2
)1/2E

(
E

(
F ∗

K+1 | BK+1

)2
)1/2

,
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and since

E
(
E

(
F ∗

K+1 | BK+1

)2
)1/2

= E
(
F ∗

K+1
2
)1/2 ≤

∥∥F ∗
K+1

∥∥
L∞ ≤ 22k−1−1 + OK,ε(η

1/2)

by (7.1.6), so we get

E
(
(1− 1ΩK+1

)2(E (f | BK+1)−E (f | BK))2
)1/2 ≥ 2−2k−1+1ε1/2 −OK,ε(η

1/2)−O(ε).

Notice that the LHS is an L2 norm as we defined it in the section about function spaces
in chapter 1. So we can write the above expression as
∥∥(1− 1ΩK+1

)(E (f | BK+1)−E (f | BK))
∥∥

L2 ≥ 2−2k−1+1ε1/2 −OK,ε(η
1/2)−O(ε). (7.1.12)

If η is sufficiently small relative to K and ε then E (f | BK) ≤ 2 outside ΩK by 1. and
we get

∥∥(1ΩK+1
− 1ΩK

)E (f | BK)
∥∥2

L2 ≤ 2
∥∥1ΩK+1

− 1ΩK

∥∥2

L2

= 2E
(
1ΩK+1

− 1ΩK

)

≤ 2E
(
1ΩK+1

)

≤ 2E
(
(ν + 1)1ΩK+1

)

= OK,ε(η
1/2),

where we in the last equality use 3. Using this it is enough to prove that

∥∥(1− 1ΩK+1
)E (f | BK+1)

∥∥2

L2

≥
∥∥(1− 1ΩK+1

)E (f | BK)
∥∥2

L2 + 2−2k+2ε−OK,ε(η
1/2)−O(ε3/2 (7.1.13)

to conclude 5. and hence the proof of the proposition. The difference between this and
5. is the L2 notation, that we have ΩK+1 instead of ΩK on the RHS and the extra error
terms. The L2 notation does not make any difference, but will be a helpful way of writing
it, and the error terms can be absorbed by the 2−2k+2ε term, if we pick ε sufficiently small
with respect to k and η sufficiently small with respect to K and ε. The last difference can
be overcome by using the calculations from before and the triangle inequality to get

∥∥(1− 1ΩK+1
)E (f | BK)

∥∥2

L2 ≥
∥∥((1− 1ΩK+1

) + (1ΩK+1
− 1ΩK

))E (f | BK)
∥∥2

L2

−
∥∥(1ΩK+1

− 1ΩK
)E (f | BK)

∥∥2

L2 = ‖(1− 1ΩK
)E (f | BK)‖2

L2 −OK,ε(η
1/2),

so let us prove (7.1.13). The LHS can be written as
∥∥(1− 1ΩK+1

)E (f | BK) + (1− 1ΩK+1
)(E (f | BK+1)−E (f | BK))

∥∥2

L2

and then expanded as

∥∥(1− 1ΩK+1
)E (f | BK)

∥∥2

L2 +
∥∥(1− 1ΩK+1

)(E (f | BK+1)−E (f | BK))
∥∥2

L2

+ 2E
(
(1− 1ΩK+1

)E (f | BK) (1− 1ΩK+1
)(E (f | BK+1)−E (f | BK))

)
.
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The first term is the term we want and the second term has been proven to be greater than

(2−2k−1+1ε1/2 −OK,ε(η
1/2)−O(ε))2 = 2−2k+2ε−OK,ε(η

1/2)−O(ε),

so if we can prove that the last term is OK,ε(η
1/2) we are done. Notice that (1−1ΩK+1

)2 =
(1− 1ΩK+1

) so we can rewrite the last term as

E
(
(1− 1ΩK+1

)E (f | BK) (E (f | BK+1)−E (f | BK))
)
. (7.1.14)

Now we see that (1 − 1ΩK
)E (f | BK) is BK-measurable and hence in particular BK+1-

measurable, since BK is a sub-σ-algebra of BK+1 so from corollary 6.1.7 we get

E ((1− 1ΩK
)E (f | BK) (E (f | BK+1)−E (f | BK))) = 0

because we have

E (f | BK+1)−E (f | BK) = E (f | BK+1)−E (E (f | BK) | BK+1) .

Subtracting this from (7.1.14) we get

E
(
(1ΩK

− 1ΩK+1
)E (f | BK) (E (f | BK+1)−E (f | BK))

)
.

Since ΩK ⊆ ΩK+1 this might be negative, so we continue our calculations WLOG (since
we are only interested in bounding it) with the negative of this, namely

E
(
(1ΩK+1

− 1ΩK
)E (f | BK) (E (f | BK+1)−E (f | BK))

)
. (7.1.15)

Now (1ΩK+1
− 1ΩK

)E (f | BK) is BK+1-measurable, so if we once again use corollary 6.1.7
we get

E
(
(1ΩK+1

− 1ΩK
)E (f | BK) (f −E (f | BK+1)

)
= 0,

and adding this to (7.1.15) gives us

E
(
(1ΩK+1

− 1ΩK
)E (f | BK) (f −E (f | BK))

)
. (7.1.16)

If x /∈ ΩK we get from 1. that if η is sufficiently small with respect to ε and K we have
E (f | BK) (x) = OK,ε(η

1/2) ≤ 2, so the above expression can in absolute value be bounded
from above by

2E
(
(1ΩK+1

− 1ΩK
) |f −E (f | BK)|) .

Now 0 ≤ f(x) ≤ ν(x) by assumption so this is smaller than

2E
(
(1ΩK+1

− 1ΩK
)(ν +E (ν | BK))

)
,

and from (7.1.4) we get that if x /∈ ΩK then E (ν | BK) (x) = 1 + OK,ε(η
1/2) ≤ 2 when η is

sufficiently small with respect to ε and K, so the above expression is bounded by

4E
(
(1ΩK+1

− 1ΩK
)(ν + 1)

)

since ν is positive. This expression is Oε,K(η1/2) by (7.1.3) and 3. which concludes the
proof.
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The above proposition will be used to prove the following proposition in an algorithmic
way. As mentioned this proof is inspired by Furstenberg’s ergodic theoretical proof of
Szemerédi’s theorem [3], but in that case the algorithm was not guaranteed to terminate
and they needed the axiom of choice to conclude the proof. But in our case the algorithm
is guaranteed to terminte in a bounded number of steps.

Proposition 7.1.2. Let ν be a k-pseudorandom measure, and let f : ZN → R satisfy

0 ≤ f(x) ≤ ν(x)

for all x ∈ ZN . Let 0 < ε < 1 and assume that N > N0(ε) is sufficiently large. Then there
exist a σ-algebra B and a set Ω ∈ B such that

1. E (ν1Ω) = oε(1),

2. ‖(1− 1Ω)E (ν − 1 | B)‖L∞ = oε(1),

3. ‖(1− 1Ω)(f −E (f | B))‖Uk−1 ≤ ε1/2k
.

Proof. We will prove this by constructing an algorithm. It starts out with the trivial σ-
algebra and a set in it (actually ∅) that satisfies 1. and 2., and if it does not satisfy 3. we
iterate using the preceeding proposition to extend our σ-algebra and find a set in it such
that 1. and 2. are still satisfied, and this time maybe also 3.. We continue like this until
all conditions are satisfied.

So we need to specify the technical details of the algorithm, and argue that it terminates.
Let ε > 0 be given, and let K0 = d22k

/ε + 1e. We will pick the parameter 0 < η < ε later,
but it is assumed to be sufficiently small depending on ε and K0.

Step 1 Initialize K = 0, Ω0 = ∅,B0 = {∅,ZN} and F1 = f −E (f).

Step 2 If we have ‖FK+1‖(Uk−1)∗ > ε1/2k
then define

BK+1 = BK ∨ Bε,η(F
∗
K+1)

and use proposition 7.1.1 to get a set ΩK+1 ⊇ ΩK in BK+1. Otherwise let Ω = ΩK and
B = BK and terminate the algorithm. Define FK+2 = (1−1ΩK+1

)(f −E (f | BK+1)).

Step 3 Now increment K to K +1. If K > K0, we terminiate with an error. Otherwise goto
Step 2.

Let us consider the conditions 1. and 2. with error term Oε,K(η1/2) on the RHS instead
of oε(1). Because if we let η be sufficiently small then we can replace Oε,K(η1/2) by oε(1).
We can ignore K since K ≤ K0 which only depends on k and ε. So we are considering the
alternative conditions

1.’ E (ν1Ω) = Oε,K(η1/2),
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2.’ ‖(1− 1Ω)E (ν − 1 | B)‖L∞ = Oε,K(η1/2).

First of all we need to prove that conditions 1.’ and 2.’ valid with the initial values,
and then that it is preserved after an iteration. When K = 0 we have E (ν1Ω) = 0 which
certainly is Oε,K(η1/2) and

‖(1− 1Ω)E (ν − 1 | B0)‖L∞ = ‖E (ν − 1)‖L∞ = E (ν − 1) = o(1) = Oε,K(η1/2)

for sufficienly large N by the definition of a measure. So both conditions 1. and 2. are
satisfied after the initialization. Now assume that the conditions 1.’ and 2.’ are satisfied
for K. We now want to prove that they are satisfied for K +1. We got the ΩK+1 and BK+1

from proposition 7.1.1, and this proposition also gives us, that 1.’ and 2.’ are satisfied for
K + 1.

We also see that if the algorithm terminates without an error we have proven the
proposition, because then 3. is also satisfied. So what is left to be proven is that the
algorithm terminates without an error – so it terminates after at most K0 steps. So assume
that we have reached the K0’th step. Now define for 0 ≤ K ≤ K0

EK = ‖(1− 1ΩK
)E (f | BK)‖2

L2 .

From 5. in proposition 7.1.1 we get that

EK+1 ≥ EK + 2−2k+1ε

for all 0 ≤ K ≤ K0 so
EK0 ≥ K02

−2k+1ε ≥ 2

But from 1. in proposition 7.1.1 we also get

EK ≤ 1 + OK,ε(η
1/2)

for all K, so for sufficiently small η depending on N and ε (again we can ignore the
dependency on K because K ≤ K0) these two bounds contradict each other. This concludes
the proof.

7.2 Proof of Szemerédi in pseudorandom measures

Now let us return to the proof of theorem 3.1.2. Let us first restate the theorem

Theorem 7.2.1 (Szemerédi’s theorem in pseudorandom measures). Let k ≥ 3 and 0 <
δ ≤ 1. Let ν : ZN → R+ be a k-pseudorandom measure and let f : ZN → R+ satisfy

0 ≤ f(x) ≤ ν(x)

for all x ∈ ZN and
E (() f) ≤ δ.
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Then we have

E (() f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− ok,δ(1),

for some constant c(k, δ).

Proof. Let f and δ be as in the theorem. Let 0 < ε < δ be a parameter which we will
specify later. From proposition 7.1.2 we now get a σ-algebra B and a set Ω. Now let

fU = (1− 1Ω)(f −E (f | B))

and

fU⊥ = (1− 1Ω)E (f | B) .

Since ZN \ Ω ∈ B we can use proposition 6.1.5 to get

E (fU⊥) = E ((1− 1Ω)E (f | B)) = E ((1− 1Ω)f)

and from the assumptions on f and 1. in proposition 7.1.2 we get that

E ((1− Ω)f) ≥ E (f)−E (ν1Ω) ≥ δ − oε(1)

so

E (fU⊥) ≥ δ − oε(1). (7.2.1)

From the triangle inequality and proposition 7.1.2 we get that

‖fU⊥‖L∞ ≤ ‖(1− 1Ω)E (ν | B)‖L∞

≤ ‖(1− 1Ω)E (ν − 1 | B)‖L∞ + ‖E (1 | B)‖L∞ = 1 + oε(1). (7.2.2)

Now we want to use Szemerédi’s theorem, theorem 3.1.1, but fU⊥ does not satisfy the
conditions since we might have E (fU⊥) < δ and ‖fU⊥‖L∞ > 1, but the difference is no
more than oε(1), so from the triangle inequality there is g : ZN → R such that g satisfies
the conditions of theorem 3.1.1 and

‖fU⊥ − g‖L∞ = oε(1)

and

E (fU⊥ − g) = oε(1).

Using Szemerédi’s theorem (theorem 3.1.1, and this is the only place we use this theorem)
we now get that there is a constant c(k, δ) > 0 such that

E (g(x)g(x + r) · · · g(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− ok,δ(1).
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And since ‖fU⊥ − g‖L∞ = oε(1) and ‖g‖L∞ = 1 + oε(1) we have (recall that the constant
in the o(1) terms are allowed to depend on k)

fU⊥(x)fU⊥(x + r) · · · fU⊥(x + (k − 1)r)− g(x)g(x + r) · · · g(x + (k − 1)r)

= fU⊥(x)fU⊥(x + r) · · · fU⊥(x + (k − 1)r)− (g(x) + oε(1))g(x + r) · · · g(x + (k − 1)r)

+ oε(1)g(x + r) · · · g(x + (k − 1)r)

= fU⊥(x) (fU⊥(x + r) · · · fU⊥(x + (k − 1)r)− g(x + r) · · · g(x + (k − 1)r)) + oε(1).

Now we can use the same trick to get

fU⊥(x + r) · · · fU⊥(x + (k − 1)r)− g(x + r) · · · g(x + (k − 1)r)

= fU⊥(x+ r) (fU⊥(x + 2r) · · · fU⊥(x + (k − 1)r)− g(x + 2r) · · · g(x + (k − 1)r))+ oε(1),

and then insert this. If we continue like this we end up with

fU⊥(x)fU⊥(x + r) · · · fU⊥(x + (k − 2)r)(fU⊥(x + (k − 1)r)− g(x + (k − 1)r)) + oε(1)

which is oε(1) because ‖fU⊥ − g‖L∞ = oε(1) and fU⊥ is bounded. So

E (fU⊥(x)fU⊥(x + r) · · · fU⊥(x + (k − 1)r) | x, r ∈ ZN) ≥ c(kδ)− oδ(1)− oε(1). (7.2.3)

We know that
‖(1− 1Ω(1))f‖L∞ ≤ ‖f‖L∞ ≤ ‖ν‖L∞

for all x ∈ ZN and from 2. in proposition 7.1.2 we get

‖fU⊥ − 1‖L∞ ≤ ‖(1− 1Ω)E (ν − 1 | B)‖L∞ = oε(1),

so
‖fU⊥‖L∞ ≤ 1 + oε(1).

Combining these estimates we get that

‖fU‖L∞ ≤ ‖(1− 1Ω)fU‖L∞ = ‖(1− 1Ω)f + fU⊥‖L∞ ≤ ‖ν‖L∞ + 1 + oε(1).

Here we want to use the new von Neumann theorem, theorem 4.3.1, with some fi = fU and
some fi = fU⊥ . The fi’s that are equal to fU⊥ satisfies the conditions for theorem 4.3.1
since

‖fU⊥‖L∞ ≤ 1 + oε(1) ≤ ‖ν‖L∞ + 1

for sufficiently small epsilon. But once again the estimates are not good enough for the
fi’s that are equal to fU . But we can use the same trick as before to give us a h : ZN → R
such that ‖fU − h‖L∞ = oε(1) and then use h. By the same argument as before this gives
us an error term oε(1) in the final result, so we have

E

(
k−1∏
j=0

fj(x + jr)

∣∣∣∣∣ x, r ∈ ZN

)
= O

(
inf

0≤j≤k−1
‖fj‖Uk−1

)
+ o(1) + oε(1) (7.2.4)
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where each fj is either fU or fU⊥ . Now recall that from 3. in proposition 7.1.2 we get that

‖fU‖Uk−1 ≤ ε1/2k

so if at least one of the fj’s are equal to fU , the infimum on the RHS is ≤ ε1/2k
and the

RHS of (7.2.4) can be rewritten to

O(ε1/2k

) + oε(1)

because the two o-terms can be written together. This gives us

E

(
k−1∏
j=0

fj(x + jr)

∣∣∣∣∣ x, r ∈ ZN

)
= O(ε1/2k

) + oε(1) (7.2.5)

whenever each of the fj’s is equal to either fU or fU⊥ and at least on is equal to fU .
Now let f̃ = fU + fU⊥ = (1− 1Ω)f . Consider the expression

E
(
f̃(x)f̃(x + r) · · · f̃(x + (k − 1)r) | x, r ∈ ZN

)
.

This can be written as

∑

S⊆{0,1,...,k−1}
E

(∏
j∈S

fU(x + jr)
∏

i/∈S

fU⊥(x + ir)

)

where i /∈ S means i ∈ {0, 1, . . . , k − 1} \ S. When S = ∅ we get a term that is equal to
the LHS of (7.2.3) and for all other S at least one of the factors in the expected value is
fU so we can use (7.2.5) on all of these terms. So we get

E
(
f̃(x)f̃(x + r) · · · f̃(x + (k − 1)r) | x, r ∈ ZN

)
≥ c(k, δ) + oδ(1) + O(ε1/2k

) + oε(1).

By the definition of f̃ we get that

0 ≤ f̃(x) ≤ f(x)

for all x ∈ ZN so

E (f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− oδ(1) + O(ε1/2k

) + oε(1).

The term O(ε1/2k
) can be picked arbitrarily small because ε can be picked arbitrarily small

and oε(1) can also be arbitrarily small when N is sufficiently large, so the whole thing can
be written as

E (f(x)f(x + r) · · · f(x + (k − 1)r) | x, r ∈ ZN) ≥ c(k, δ)− oδ(1)

which is what we wanted to prove.



Chapter 8

Construction of a pseudorandom
measure

In this chapter we want to construct a k-pseudorandom measure ν and a function Λ̃ with
support in the primes such that ν majorises Λ̃. As mentioned in chapter 3, this is what
we need in order to use the modified version of Szemerédi’s theorem to give us arithmetic
progressions of arbitrary length in the primes.

8.1 Definitions and notation

Recall that we defined Λ̃ : N→ R+ in the following way.

Definition 8.1.1 (The modified Von Mangoldt function). Let w(N) be defined by

w = w(N) = log log N

and let
W = W (N) =

∏
p≤w

p.

Now define Λ̃ : N→ R+ by

Λ̃(n) =

{
φ(W )

W
log(Wn + 1) if Wn + 1 is a prime

0 otherwise

for n ∈ N.

We now have the following lemma, which we have used in the proof of the theorem.

Lemma 8.1.2. With Λ̃ defined as above we have

∑
n≤N

Λ̃(n) = N(1 + o(1)).

73
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Proof. We define

ψ(x,W, 1) =
∑

n≤x,n prime power
n≡1 mod W

log n,

and
θ(x,W, 1) =

∑
n≤x,n prime
n≡1 mod W

log n.

We now rewrite
∑

Λ̃(n) by adding and subtracting the same term

∑
n≤N

Λ̃(n) =
∑
n≤N

Λ̃(n)− φ(W )

W
ψ(NW + 1,W, 1) +

φ(W )

W
ψ(NW + 1, W, 1)

=
φ(W )

W
θ(NW + 1,W, 1)− φ(W )

W
ψ(NW + 1,W, 1) +

φ(W )

W
ψ(NW + 1, W, 1).

As it is common in analytic number theory we define

θ(x) =
∑
p≤x

log p,

and
ψ(x) =

∑
pm≤x

log p.

We now have
ψ(x) = θ(x) + θ(x1/2) + · · ·+ θ(x1/m),

where m is the largest integer such that x1/m ≥ 2. So m = blog2 xc and we have

0 ≤ ψ(x)− θ(x) =

log2 x∑
i=2

θ(x1/i) ≤ log2(x)θ(x1/2).

By the prime number theorem we have

θ(x) = x + O

(
x

(log x)A

)
(8.1.1)

for any A > 0, so θ(x1/2) ≤ x1/2 log(x1/2) for sufficiently large x. Now

log2(x)θ(x1/2) ≤
√

x(log x)2

2 log 2
,

and we have thus proved the bound

0 ≤ ψ(x)− θ(x) ≤
√

x(log x)2

2 log 2
.
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This is also valid when we consider ψ(x,W, 1) and φ(x,W, 1) instead, so using this we get

φ(W )

W
θ(NW + 1,W, 1)− φ(W )

W
ψ(NW + 1,W, 1)

≤ O

(
φ(W )

W

√
NW (log NW )2

2 log 2

)
≤ O(

√
NW log(NW )2).

since φ(W ) ≤ W . Now W = eθ(w) by the definition of w and W , and by (8.1.1) we have
θ(x) =≤ 2x for sufficiently large x. So

W ≤ e2w = (log log N)2 ≤ (log N)2.

Using this we see that

φ(W )

W
θ(NW + 1, W, 1)− φ(W )

W
ψ(NW + 1,W, 1) ≤ O(

√
NW log(NW )2) = o(N).

Now we need to prove that

φ(W )

W
ψ(NW + 1,W, 1) = N + o(N).

We have by Siegel-Walfisz (see p. 124 in [7]) that

ψ(WN + 1,W, 1) =
WN

φ(W )
+ O

(
WN

log(WN)A

)

for any A > 0. Letting A = 2 we get

φ(W )

W
ψ(NW + 1,W, 1) = N + O

(
N

log(NW )2

)
= N + o(N)

as desired.

Recalling that the Möbius function µ : N→ {−1, 0− 1} is defined by

µ(n) =





1 if n is square-free with an even number of distinct prime factors
−1 if n is square-free with an odd number of distinct prime factors
0 otherwise

,

we define the Goldston-Yıldırım truncated divisor sum in the following way.

Definition 8.1.3 (Goldston-Yıldırım truncated divisor sum). Let R ∈ R+. We define
ΛR : N→ Z by

ΛR(n) =
∑

d|n,d≤R

µ(d) log(R/d)

for n ∈ N.
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Remark 8.1.4. Note that if we define log(x)+ = max(log(x), 0) we have the identity

ΛR(n) =
∑

d|n
µ(d) log(R/d)+

because the terms with d > R will not contribute to the sum.

Now we are ready to define a measure ν, which we in this chapter will prove is k-
pseudorandom.

Definition 8.1.5. Let R = Nk−12−k−4
and ε = 1

2k(k+4)!
. We define ν : ZN → R+ by

ν(n) =

{
φ(W )ΛR(Wn+1)2

W log R
when εN ≤ n ≤ 2εN

1 otherwise
,

where φ is Euler’s φ function.

Remark 8.1.6. For the rest of this chapter ν, R, ΛR,W and ε will be as defined above.

8.2 A proof that ν is pseudorandom

Now proposition 3.1.3 follows from the following proposition, and this is hence the last
thing we need to prove to conclude the proof.

Proposition 8.2.1. Let N be a sufficiently large prime number. Then ν is a k-pseudoranom
measure

ν(x) ≥ 1

k2k+5
Λ̃(x)

for all εN ≤ x ≤ 2εN .

To prove this proposition, we need to prove the following 4 claims.

1. We have ν(x) ≥ 0 for all x ∈ ZN and

ν(x) ≥ 1

k2k+5
Λ̃(x)

for all εN ≤ x ≤ 2εN .

2. ν is a measure, ie. it satisfies E (ν) = 1 + o(1).

3. The measure ν satisfies the (k2k−1, 3k − 4, k)-linear forms condition.

4. The measure ν satisfies the 2k−1-correlation condition.

Let us prove them one at a time.
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1. ν majorises Λ̃

It is clear that ν(x) ≥ 0 for all x ∈ ZN , so we just need to prove that

ν(x) ≥ 1

k2k+5
Λ̃(x)

for all εN ≤ x ≤ 2εN . If Wx + 1 is not a prime then the RHS is zero and we are done, so
let us assume that Wx + 1 is a prime. Then we need to prove

φ(W )ΛR(Wx + 1)2

W log R
≥ φ(W )

Wk2k+5
log(Wx + 1)

which is the same as proving

ΛR(Wx + 1)2

log R
≥ 1

k2k+5
log(Wx + 1).

Since εN ≤ x ≤ 2εN we have Wx + 1 = O(N log N) which is greater than R when N is
sufficiently large since R = Na with a < 1. So when Wx + 1 is a prime there is only one
divisor d of Wx + 1 such that d ≤ R namely d = 1, so

ΛR(Wx + 1) = log R = k−12−k−4 log N

and dividing by k−12−k−4 we have to prove that

log N ≥ 1

2
log(Wx + 1)

which is true for sufficiently large N because W = O(log N).

2. ν is a measure

To prove this we need the following proposition. For the proof of this proposition, we refer
to the appendix of [6].

Proposition 8.2.2. Let m, t ∈ N. For each 1 ≤ i ≤ m, define linear forms ψi : Rt → R
by

ψi(x1, . . . , xt) =
t∑

j=1

Lijxj + bi

where (Lij) is an integer m × t matrix such that no row is a rational multiple of another
row and such that

|Lij| ≤
√

w(N)

2
for all i = 1, . . . , m and j = 1, . . . , t. Let θi = Wψi + 1 for i = 1, . . . , m. Assume that
B ⊆ Rt is a product of t intervals Ij ⊆ R such that each of the intervals has length at least
R10m. Then

E
(
ΛR(θ1(x))2 · · ·ΛR(θm(x))2 | x ∈ B

)
= (1 + om,t(1))

(
W log R

φ(W )

)m

.
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To prove 2. we apply proposition 8.2.2 with m = t = 1 and B = [εN, 2εN ] for
sufficiently large N . This gives us

E
(
ΛR(θ1(x))2 | x ∈ [εN, 2εN ]

)
= (1 + o(1))

(
W log R

φ(W )

)

and recalling the definition of ν this is equivalent to

E (ν(x) | x ∈ [εN, 2εN ]) = 1 + o(1).

But since ν(x) = 1 for x /∈ [εN, 2εN ] we get

E (ν(x) | x /∈ [εN, 2εN ]) = 1,

and combining these we get

E (ν(x) | x ∈ ZN) = 1 + o(1)

which is what we wished to prove.

3. ν satisfies the linear forms condition

We now want to prove that ν satisfies the (k2k−1, 3k − 4, k)-linear forms condition. So let

ψi(x1, . . . , xt) =
t∑

j=1

Lijxj + bi

for i = 1, . . . ,m be m linear forms such that m ≤ k2k−1, t ≤ 3k − 4 and such that the
Lij’s are rational numbers with height ≤ k. Furhtermore no row of the m× t-matrix (Lij)
is a rational multiple of any other row. By the definition of the linear forms condition
(definition 2.3.2) we need to prove that

E
(
ν(ψ1(x)) · · · ν(ψm(x)) | x ∈ Zt

N

)
= 1 + om,t(1). (8.2.1)

The denominators of the Lij’s are all smaller than k in absolute value, so if we multiply
all the Lij’s by k! we clear the denominators and get the new bound |Lij| ≤ k ·k! ≤ (k+1)!,
and taking N sufficiently large we get

|Lij| ≤ (k + 1)! <

√
w(N)

2

which is required in proposition 8.2.2.
Now assume that Q = Q(N) is a function such that Q(N) → ∞ for N → ∞, and

Q(N) < N . Let for (u1, . . . , ut) ∈ ZQ = Z/QZ

Bu1,...,ut = {(x1, . . . , xt) ∈ Zt
N | buj

N

Q
c ≤ xj < b(uj + 1)

N

Q
c for all j = 1, 2, . . . , t}.

We will now need the following lemma. It states that we can partition the set we are
taking average over into almost equally sized sets, take the average of these averages, and
then get the right result with a multiplicative error of 1 + o(1).
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Lemma 8.2.3. Let f : Zn
N → R and let BN

i , i ∈ I be a partition of Zn
N such that #BN

i →
∞ for N →∞ for all i ∈ I and

#BN
i −#BN

j = O(1)

for all i, j ∈ I. Then

E (E (f(x) | x ∈ Bi) | i ∈ I) = (1 + o(1))E (f) . (8.2.2)

Proof. We will just write Bi = BN
i . Let b = E (#Bi | i ∈ I). Then #Bi = b + O(1) for all

i ∈ I and ∣∣∣∣
1

Bi

− 1

b

∣∣∣∣ =
O(1)

b(b + O(1))
=

1

b
o(1)

because b →∞ as N →∞, so
1

Bi

= (1 + o(1))
1

b
.

Using this on the LHS of (8.2.2) we get

1

#I

∑
i∈I

1

#Bi

∑
x∈Bi

f(x) =
1

#I

∑
i∈I

1

b
(1 + o(1))

∑
x∈Bi

f(x)

which is equal to (1 + o(1))E (f).

Now notice that {Bu1,...,ut | u1, . . . , ut ∈ ZQ} is a partition of Zt
N , so due to lemma 8.2.3

we have that

E (E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) | u1, . . . , ut ∈ ZQ) (8.2.3)

is 1 + o(1) times the LHS (8.2.1) since two boxes differ at most 2 in size, and since we can
pick Q such that Q →∞ for N →∞ sufficiently slow, such that the sizes of the boxes will
go to ∞ as N →∞.

So we need to show that (8.2.3) is 1+om,t(1). We will need the following definition and
lemma.

Definition 8.2.4 (Nice t-tuples). A t-tuple (u1, . . . , ut) ∈ Zt
Q is called nice if for all

1 ≤ i ≤ m we have

ψi(Bu1,...,ut) ⊆ [εN, 2εN ] or ψi(Bu1,...,ut) ∩ [εN, 2εN ] = ∅.
Lemma 8.2.5. When (u1, . . . , ut) ∈ Zt

Q is nice we have

E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) = 1 + om,t(1).

When (u1, . . . , ut) ∈ Zt
Q is not nice we have

E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) = Om,t(1) + om,t(1)

and the proportion of non-nice tuples (u1, . . . , ut) ∈ Zt
Q is Om,t(1/Q).
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Proof. Suppose that (u1, . . . , ut) is nice. Then due to proposition 8.2.2 we have

E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) = 1 + om,t(1)

because we can replace each ν(ψi(x)) by either

φ(W )

W log R
ΛR(ωi(x))2

or 1, and because if Q is sufficiently slowly growing in N , then N/Q ≥ R10m for sufficiently
large N , so the conditions in proposition 8.2.2 are met.

Now assume that (u1, . . . , ut) is not nice. We now use the bound

‖ν‖L∞ ≤ 1 +
φ(W )

W log R
ΛR(ωi(x))2

to obtain

E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut)

≤
∑

A⊆{1,...,m}
E

(∏
i∈A

φ(W )

W log R
ΛR(ωi(x))2 | x ∈ Bu1,...,ut

)
.

Using proposition 8.2.2 again gives us

E

(∏
i∈A

φ(W )

W log R
ΛR(ωi(x))2 | x ∈ Bu1,...,ut

)
= 1 + om,t(1),

so summing over all A gives us

E (ν(ψ1(x))ν(ψ2(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) = Om,t(1) + om,t(1)

because there are Om(1) such A’s.
We now need to prove that the proportion of non-nice tuples are Om,t(1/Q). Suppose

that (u1, . . . , ut) is not nice. Then one of the ψi(Bu1,...,ut) has non-empty intersection
with the interval [εN, 2εN ], but is not completely contained in the interval, so there is
x, y ∈ Bu1,...,ut such that

ψ(x) ∈ [εN, 2εN ] and ψ(y) /∈ [εN, 2εN ].

But since Lij = O(1) both ψ(x) and ψ(y) can be estimated by ψ(u1, . . . , ut), and we hence
get

ψ(x) =
t∑

j=1

Lijbuj
N

Q
c+ bi + Om,t(N/Q)
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and

ψ(y) =
t∑

j=1

Lijbuj
N

Q
c+ bi + Om,t(N/Q).

where the error-term is of magnitude N/Q because that is the size of the box and is hence
the maximal distance the i’ht coordinate of x can be from buj

N
Q
c, and the dependence on

m and t is due to the size of the sum.
If ψ(y) < εN then

ψ(y) < εN ≤ ψ(x)

and hence

εN =
t∑

j=1

Lijbuj
N

Q
c+ bi + Om,t(N/Q)

by the expressions for ψ(x) and ψ(y) we found before. If ψ(y) > 2εN we get a similar
expression with 2εN on the LHS, so we have

aεN =
t∑

j=1

Lijbuj
N

Q
c+ bi + Om,t(N/Q)

for either a = 1 or a = 2. Dividing by N/Q we get

aεQ =
t∑

j=1

Lijuj +
biQ

N
+ Om,t(1).

None of the tuples (Lij)
t
j=1 are zero, so at most Om,t(Q

t−1) tuples (u1, . . . , ut) satisfy this
equation, and this is Om,t(1/Q) of the possible tuples.

We now proceed with the proof. We have

(1−Om,t(1/Q))(1 + om,t(1)) + Om,t(1/Q)(Om,t(1) + om,t(1)) = 1 + om,t(1),

because we picked Q such that Q(N) →∞ when N →∞ so Om,t(1/Q) = om,t(1), and due
to the lemma we have

E (E (ν(ψ1(x)) · · · ν(ψm(x)) | x ∈ Bu1,...,ut) | u1, . . . , ut ∈ ZQ) = 1 + om,t(1),

which proves the claim.

4. ν satisfies the correlation condition

We now want to prove that ν satisfies the 2k−1-correlation condition. To do this we will
need the following two lemmas. For the proof of the first one, we refer to the appendix of
[6].
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Lemma 8.2.6. Let m ≥ 1 be an integer and let B be an interval of length ≥ R10m. Let
h1, . . . , hm ∈ Z be distinct such that |hi| ≤ N2 for all i. Now define

∆ =
∏

1≤i<j≤m

|hi − hj| .

Then we have for sufficiently large N that

E
(
ΛR(W (x + h1) + 1)2 · · ·ΛR(W (x + hm) + 1)2 | x ∈ B

)

≤ (1 + om(1))

(
W log R

φ(W )

)m ∏

p|∆
(1 + Om(p−1/2))

where the product is over all primes p that divides ∆.

Lemma 8.2.7. Let m ≥ 1 be an integer. There is a function τm : Z → R+ such that
τm(n) ≥ 1 for all n 6= 0, and such that

∏

p|∆
(1 + Om(p−1/2)) ≤

∑
1≤i<j≤m

τm(hi − hj)

for all distinct h1, . . . , hm ∈ [εN, 2εN ], where ∆ is as in lemma 8.2.6 and

E (τ q
m(n) | 0 < |n| ≤ N) = Om,q(1)

for all q ≥ 1.

Proof. By the definition of ∆ we have

∏

p|∆
(1 + Om(p−1/2)) ≤

∏
1≤i<j≤m

∏

p||hi−hj |
(1 + Om(p−1/2))

because we might include a prime p several times on the RHS. We can now use the following
bound

∏

p||hi−hj |
(1 + Om(p−1/2)) ≤


 ∏

p||hi−hj |
(1 + p−1/2)




Om(1)

to get

∏

p|∆
(1 + Om(p−1/2)) ≤

∏
1≤i<j≤m


 ∏

p||hi−hj |
(1 + p−1/2)




Om(1)

.

Now define τm : Z→ R+ such that

τm(n) =


∏

p|n
(1 + p−1/2)




Om(1)
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for all n ∈ Z. By the arithmetic mean-geometric mean inequality we have

1(
m
2

)
∑

1≤i<j≤m

τm(hi − hj) ≥
∏

1≤i<j≤m

τm(hi − hj)
(m

2 ) =
∏

1≤i<j≤m

τm(hi − hj)
Om(1).

Using the definition of τm, this is

∏
1≤i<j≤m


 ∏

p||hi−hj |
(1 + p−1/2)




Om(1)

so τm satisfies the desired inequality.
Now we need to show that

E


∏

p|n
(1 + p−1/2)Om(q) | 0 < |n| ≤ N


 = Om,q(1)

for all 0 < q. Now for sufficientely large p (for all but Om,q(1) primes), we have

(1 + p−1/2)Om(q) ≤ 1 + p−1/4,

so

E


∏

p|n
(1 + p−1/2)Om(q) | 0 < |n| ≤ N


 ≤ Om,q(1)E


∏

p|n
(1 + p−1/4) | 0 < n ≤ N


 .

But multiplying out we get the inequality

∏

p|n
(1 + p−1/4) ≤

∑

d|n
d−1/4,

where we on the RHS only includes positive d. Notice that it is not an equality since the
RHS also includes divisors which are divisible by a prime power. Using this we get

E


∏

p|n
(1 + p−1/2)Om(q) | 0 < |n| ≤ N


 ≤ Om,q(1)

1

2N

∑

1≤|n|≤N

∑

d|n
d−1/4.

We see that d−1/4 appears in this double sum 2N/d times for each 1 ≤ d ≤ N , because
it appears N/d times for the positive n and N/d times for the negative n, so the above
expression is

Om,q(1)
N∑

d=1

d−5/4 = Om,q(1),

which concludes the proof.
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Recall that in order to prove that ν satisfies the 2k−1-correlation condition, we need to
prove that for any 1 ≤ m ≤ 2k−1 there is a function τ : ZN → R+ such that E (τ q) =
Om,q(1) for all q ≥ 1 and such that

E (ν(x + h1) · · · ν(x + hm) | x ∈ ZN) ≤
∑

1≤i<j≤m

τ(hi − hj)

for all h1, . . . , hm ∈ ZN .
Let m be given. Then we define τ : ZN → R+ by

τ(n) =

{
τm(n− bN/2c) if n 6= 0
exp(Cm log N/ log log N) if n = 0

where C > 0 is some constant we pick later, and we consider n−bN/2c ∈ ZN in the obvious
way by identifying ZN with the integers between −N/2 and N/2. From lemma 8.2.7 we
see that

E (τ q(x) | x 6= 0) = Om,q(1),

and since
exp(Cm log N/ log log N)

N
= NCm/ log log N−1 = om,q(1),

the case x = 0 only contributes with om,q(1), so we have E (τ q) = Om,q(1).
Let us consider the case where at least two of the hi’s are equal. Now it is enough to

show that

E (ν(x + h1) · · · ν(x + hm) | x ∈ ZN) ≤ exp(Cm log N/ log log N)

by the definition of τ(0). We have

E (ν(x + h1) · · · ν(x + hm) | x ∈ ZN) ≤ ‖ν‖m
L∞ .

We now need to prove that

‖ν‖L∞ ≤ exp(C log N/ log log N),

and from the definition of ν we get

‖ν‖L∞ ≤ O(ΛR(Wx + 1)2/ log R)

since φ(n)/n ≤ 1 for all n. Now log R = O(log N) and

|ΛR(Wx + 1)| ≤ d(Wx + 1) log(R)

where d(·) is the divisor function. From [7] (in their bound they use 2 as base for the
exponential function, but here we use e instead) have

d(Wx + 1) ≤ exp(C ′ log(Wx + 1)/ log log(Wx + 1))
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for some constant C ′, and since Wx + 1 = O(N log N) this is less than

exp (C ′′ log(N log N)/ log log(N log N)) ≤ exp (C log N/ log log N)

for some constants C ′′ and C.
Now suppose that all hi’s are distinct. Now define g : ZN → R by

g(x) =
φ(W )

W

ΛR(Wx + 1)2

log R
1[εN,2εN ](x).

Then
ν(x) ≤ 1 + g(x)

for all x ∈ ZN by definition of ν and hence

E (ν(x + h1) · · · ν(x + hm) | x ∈ ZN) ≤ E ((1 + g(x + h1)) · · · (1 + g(x + hm)) | x ∈ ZN) .

The RHS can be written as

∑

A⊆{1,...,m}
E

(∏
i∈A

g(x + hi) | x ∈ ZN

)
.

Notice that if i, j ∈ A with |hi − hj| > εN , then either g(x + hi) = 0 or g(x + hj) = 0, so
in the above expression we can assume in the sum that |hi − hj| ≤ εN for all i, j ∈ A. By
lemma 8.2.6, where we might have to increase N in order to have N ≥ R10m, we have

E

(∏
i∈A

g(x + hi) | x ∈ ZN

)
≤ (1 + om(1))

∏

p|∆
(1 + Om(p−1/2))

and since |hi − hj| ≤ εN we get

om(1)
∏

p|∆
(1 + Om(p−1/2)) = om(1).

Using lemma 8.2.7 we now get

E

(∏
i∈A

g(x + hi) | x ∈ ZN

)
≤

∑
1≤i<j≤m

τ(hi − hj) + om(1).

We now want to sum over all A, but in order to get the desired bound we need to scale
τ by a bounded factor, but this factor only depends on m, which is allowed due to the
contruction of τ in the proof of lemma 8.2.7 as

Om(1)
∏

p|n
(1 + p−1/2)Om(1).

This concludes the proof of ν satisfying the correlation condition, and hence the proof of
ν being k-pseudorandom.





Chapter 9

Solutions in arithmetic progression to
linear equations

9.1 Introduction

In this chapter we will prove that we have infinitely many solutions to a system of linear
equations in a set with arbitrarily long arithmetic progressions if the null space of the
matrix has dimension at least 2 and contains (1, 1, . . . , 1). Due to the Green-Tao theorem
the primes is such a set and due to Szemeredi’s theorem [12] all subsets of the integers with
positive density are such sets. The results in this chapter are work of my own and an article
on the results [8] has the 16th of February been submitted to the journal ’INTEGERS:
Electronic Journal of Combinatorial Number Theory’.

The main result in this chapter is that the method here also gives us that for each of
the solutions the coordinates are in the same arithmetic progression, and that the sets that
contain arithmetic progressions of any length are exactly the sets that have infinitely many
solutions to a homogeneous system of linear equations whenever the sum of the columns is
zero. This gives us a new arithmetic structure on such sets, which gives a new formulation
of the Erdős-Turan conjecture.

Of already existing results on prime solutions to linear equations we mention two. Balog
[1] gave a lower bound on the number of prime solutions to a homogeneous system of linear
equations Mx

¯
= 0 if the matrix M has a certain admissible structure, the null space

contains a vector with positive coordinates and Mx
¯
≡ 0 (mod pα) has integer solutions

coprime to p for all prime powers pα. In particular he proved that if M is admissible and
(1, 1, . . . , 1) is a solution, then Mx

¯
= 0 has prime solutions. Choi, Liu and Tsang [2] has

considered upper bounds for prime solutions to ternary linear equations.

9.2 APs and GAPs

In this chapter we will see when a system of linear equations has solutions in a set that
contains arbitrarily long arithmetic progressions. Notice that this is in particular true for

87
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the primes.
Since we are considering aritmethic progressions, the following notation will come in

handy.

Definition 9.2.1 (Arithmetic progressions). Let k, d ≥ 1 and a ≥ 0 be integers. Then an
arithmetic progression (AP) of length k, base a and step d is the set

AP(k, a, d) = {a + λd | 0 ≤ λ < k}.
Definition 9.2.2 (AP-set). Let A ⊆ N. We will call A an AP-set if there for any k ≥ 1
exists a pair (a, d) ∈ N2 such that

AP(k, a, d) ⊆ A.

Remark 9.2.3. Notice that an AP-set contains infinitely many APs of any length.

Definition 9.2.4 (Generalized arithmetic progressions). Let d ≥ 1, a ≥ 0, b1, . . . , bd ≥ 1
and N1, . . . , Nd ≥ 1 be integers. Then a generalized arithmetic progression (GAP) of
dimension d, base a, step (b1, . . . , bd) and volume (N1, . . . , Nd) is the set

{a + n1b1 + · · ·+ ndbd | 0 ≤ ni < Ni for all i}.
Remark 9.2.5. Notice that a GAP of dimension d, base a, step (b1, . . . , bd) and volume
(2N1 − 1, . . . , 2Nd − 1) can be written as

{a′ + n1b1 + · · ·+ ndbd | −Ni < ni < Ni for all i} (9.2.1)

where a′ = a + (N1 − 1)b1 + · · ·+ (Nd − 1)bd.
Note also that the elements in a GAP might not be distinct, since we could have

njrj = niri for some i, j with 0 ≤ nj < Nj and 0 ≤ ni < Ni.

We can construct a GAP of any dimension and volume from a sufficiently long AP, so
in particular an AP-set contains infinitely many GAPs of any given dimension and volume.
The following lemma is taken from [5] and gives us a little more than just GAPs in AP-sets.

Lemma 9.2.6. Any AP-set contains infinitely many GAPs of any given dimension and
volume such that each GAP is contained in an AP.

Proof. Let d and N1, . . . , Nd be given. Let

N = max
1≤i≤d

Ni

and let k = Nd. Now let an AP-set A be given. Then there are infinitely many (a,m) ∈ N2

such that AP(k, a,m) ⊆ A. Let one of these pairs (a,m) be given. Define ri for each
1 ≤ i ≤ d by ri = N i−1m. Then for any integers n1, . . . , nd such that 0 ≤ ni < Ni for all i
we have

a + n1r1 + · · ·+ ndrd = a + n1m + n2Nm + · · ·+ ndN
d−1m

= a + m(n1 + n2N + · · ·+ ndN
d−1).
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And since 1 ≤ ni < Ni ≤ N we have

n1 + n2N + · · ·+ ndN
d−1 < Nd

since this is the base N representation of the number. So now we have that each element
of the GAP is in AP(k, a,m). No two elements of the GAP are equal since that would
yield

n1 + n2N + · · ·+ ndN
d−1 = n′1 + n′2N + · · ·+ n′dN

d−1

which implies ni = n′i for all i = 1, . . . , d due to the uniqueness of the base N represenation.

9.3 Finding solutions in an AP-set

Using the existence of GAPs in AP-sets we can now find infinitely many solutions to
systems of linear equations in any AP-set.

Theorem 9.3.1. Let n ≥ 3, m ≥ 1, M ∈ Matm,n(Z) and let A be an AP-set. Assume
that the solution space of

Mx
¯

= 0 (9.3.1)

has dimension d ≥ 2 and contains (1, 1, . . . , 1). Then (9.3.1) has infinitely many solutions
x
¯

= (x1, . . . , xn) such that xi ∈ A for all i, xi 6= xj for some i, j and all xi are elements in
the same AP.

Proof. The solution space of (9.3.1) can be written as

m1r
¯1 + m2r

¯2 + · · ·+ mdr
¯d, mi ∈ R

where r
¯1 = (1, 1, . . . , 1), r

¯i = (ri1, . . . , rin) ∈ Zn for 2 ≤ i ≤ d and r
¯1, . . . , r¯d are linearly

independent over R. Now let N = maxi,j |rij| + 1 and take a GAP of dimension d − 1
and volume (2N − 1, . . . , 2N − 1). According to lemma 9.2.6 we can construct GAPs of
any given size such that it is contained in an AP. Now take such a GAP, and as we did in
(9.2.1) we write it as

{a + n1b1 + · · ·+ nd−1bd−1 | −N < ni < N for all i}. (9.3.2)

Now
ar
¯1 + b1r

¯2 + . . . + bd−1r
¯d

is a solution to (9.3.1) and each coordinate is an element in the GAP given in (9.3.2). Now
assume that the solution we have found has all coordinates equal. Then it is equal to cr

¯1

for some c ∈ N so
(a− c)r

¯1 + b1r
¯2 + . . . + bd−1r

¯d = 0.

This is not possible since r
¯1, · · · , r

¯d are linearly independent.



90
CHAPTER 9. SOLUTIONS IN ARITHMETIC PROGRESSION TO LINEAR

EQUATIONS

9.4 Prime-like sets

theorem 9.3.1 gives us a sufficient condition to be able to find infinitely many solutions
in an AP-set. Let us now examine to what extend it also is a nescessary condition. To
examine this we need to require a bit more from our AP-set.

Definition 9.4.1 (Prime-like sets). A set A ⊆ N is called prime-like if for each AP(k, a, d) ⊆
A with k ≥ 3 we have gcd(a, d) = 1.

Notice that the primes is prime-like because if we have a progression AP(k, a, d) in
the primes, then a is prime and d is even and not divisble by a, because if a | d then
gcd(a + d, a) = a so a + d is not prime..

Theorem 9.4.2. Let A be a prime-like AP-set, M ∈ Matm,n(Z) and k ≥ 3. Assume that

Mx
¯

= 0 (9.4.1)

has infinitely many solutions such that for each solution (x1, . . . , xn) there is (a, d) ∈ N2

such that
{x1, . . . , xn} ⊆ AP (k, a, d) ⊆ A.

Then (1, 1, . . . , 1) is a solution to (9.4.1).

Proof. Let 1 ≤ i ≤ m be given. Assume for contradiction that ai1 + · · · + ain 6= 0. Let
{(x(j)

1 , . . . , x
(j)
n ) | j ∈ N} be the infinitely many solutions given in the lemma. For each

j ∈ N there exist bj and dj such that x
(j)
l = bj +λ

(j)
l dj with 0 ≤ λ

(j)
l < k for all l = 1, . . . , n

since each x
(j)
l is an element of AP(k, bj, dj). Inserting this in (9.4.1) we get that we for

each j ∈ N have
bj(ai1 + · · ·+ ain) = −dj(ai1λ

(j)
1 + · · ·+ ainλ

(j)
n ).

Since gcd(bj, dj) = 1, bj must divide a1λ
(j)
1 + · · ·+ anλ

(j)
n so if we let C = |ai1|+ · · ·+ |ain|

we have bj ≤ Ck. Now

|dj| =
∣∣∣∣∣bj

a1 + · · ·+ an

a1λ
(j)
1 + · · ·+ anλ

(j)
n

∣∣∣∣∣ ≤ Ck

so the set {dj | j ∈ N} is also finite. The solutions {(x(j)
1 , . . . , x

(j)
n ) | j ∈ N} are therefore

taken from only finitely many APs of length k, and there can hence be only finitely many
of them. This is a contradiction against the assumption, and this finishes the proof.

Combining this with theorem 9.3.1 we get the following.

Theorem 9.4.3. Let A be a prime-like AP-set and let M ∈ Matm,n(Z) such that the null
space of M has dimension at least 2. Then there is a k ∈ N such that the equation

Mx
¯

= 0

has infinitely many solutions where for each solution, all coordinates are elements of the
same AP of length k in A if and only if (1, 1, . . . , 1) is a solution.
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We now give an example of an application of theorem 9.3.1. This is a known result, see
for instance [5].

Corollary 9.4.4. Let an AP-set A and n ≥ 1 be given. Then there exists infinitely many
n-tuples x1, . . . , xn ∈ A with xi 6= xj for some i, j such that

x1 + · · ·+ xn

n
∈ A.

Proof. When n = 1 it is trivial so let n ≥ 2 be given. Consider the linear equation

x1 + · · ·+ xn − nxn+1 = 0.

From theorem 9.3.1 we know that this equation has infinitely many solutions x1, . . . , xn, xn+1 ∈
A with xi 6= xj for some i, j. Now for each of these we have

x1 + · · ·+ xn

n
= xn+1 ∈ A,

which finishes the proof.

9.5 The Erdős-Turan conjecture

We have proven that in any AP-set we can find infinitely many solutions to any system of
linear equation, as long as the sum of the columns of the matrix is zero. This motivates
the following definition.

Definition 9.5.1 (Zero-solution sets). Let M ∈ Matm,n(Z) such that the sum of the
columns is zero and the null space of M has dimension at least 2. A set A ⊆ N is a
zero-solution set if the following is true for all such M . The equation

Mx
¯

= 0

has infinitely many solutions x
¯

= (x1, . . . , xn) with x1, . . . , xn ∈ A and xi 6= xj for some
i, j.

Now theorem 9.3.1 can be formulated as follows: If A is an AP-set then A is a zero-
solution set. We now want to prove that zero-solution sets and AP-sets are the same.

Theorem 9.5.2. Let A ⊆ N. Then A is a zero-solution set if and only if A is an AP-set.

Proof. The ’if’ part we get from theorem 9.3.1. Let n ≥ 3 be an integer and let M ∈
Matn−2,n(Z) be given such that the solution space of Mx

¯
= 0 is given by

m1(1, 1, . . . , 1) + m2(0, 1, 2, . . . , n− 1), m1, m2 ∈ R.

Since A is a zero-solution set there are infinitely many solutions in A with m2 6= 0. We
also see that such a solution is in A so it is integer and both m1 and m2 are hence integer.
Each of these solutions gives us an AP of length n.
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This might be useful in proving or disproving the Erdős-Turan conjecture since we can
now formulate it as ∑

a∈A

1

a
= ∞ ⇒ A is a zero-solution set.
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