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1 Introduction

In the presentation of the NFS algorithm in [1], we skipped two important points.

• How do we conclude from the S-subset of rows in the matrix adding up to zero that
β =

∏
(a,b)∈S(a− bα) is a square in Z[α] and b =

∏
(a,b)∈S(a− bm) is a square in Z?

• How do we find the square root of b in Z and f ′(α)2
∏

(a,b)∈S(a− bα) in Z[α]?

Both require some abstract algebra, not all of which we will do in detail.

2 Is β and b squares?

The condition that the sum of the rows from S is the zero vector gives us the following
information

• b ≥ 0.

• |b| is a square in Z.

• ∑
(a,b)∈S v

¯
(a− bα) is even.

• ∏
(a,b)∈S a− bsj is a square modulo qj for j = 1, 2, . . . , k.

And why is that? Every row in the matrix correspond to a pair (a, b). The first bit of every
row is set if G(a, b) < 0. We have b =

∏
(a,b)∈S G(a, b), so if the first bit of the sum is 0, then

b > 0. The following π(B) bits is the exponents of the prime factorization of |G(a, b)|. Each
bit is set if the exponent is odd. So if the sum of these are zero we have that all exponents of
|b| is even. These two conditions give us, that b is a square in Z.

It is clear that if the next B′ bits of the sum all are zero then
∑

(a,b)∈S v
¯
(a− bα) is even.

According to Lemma 6.2.1 in [1] this is a necessary condition of β being a square in Z[α].
Finally, if the last k bits of the sum is zero, then the product

∏

(a,b)∈S

(
a− bsj

qj

)

contains an even number of −1’s for all j, and so the product is 1. Since the Lagrange symbol
is multiplicative, this implies that a − bsj is a square modulo qj for j = 1, 2, . . . , k. The
question is now: How do we derrive that β is a square in Z[α] from this information?

Let us state the following theorem that assures us thet it is enough to prove that β is a
square in I, where I denote the elements in Q[α] that is the root of an integer polynomial.
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Lemma 2.1. Let f(x) be a monic irreducible polynomial in Z[x], with root α ∈ C. Let I be
as above and let β ∈ I. Then f ′(α)β ∈ Z[α].

I is a ring, so since α ∈ I (it is root of f) and β is expressed by α, we have β ∈ I. Let us
define the Quadratic Character. The notation is taken from [2].

Definition 2.2. Let q be an odd prime and s an integer such that f(s) ≡ 0 (mod q) and
f ′(s) ≡ 0 (mod q). Let an element of Z[α] be written as c0+c1α+ · · ·+cd−1α

d−1, and assume
q does not divide c0 + c1m + · · ·+ cd−1m

d−1. Then we define χ(q,s) : Z[α] → {±1} by

χq,s(c0 + c1α + · · ·+ cd−1α
d−1) =

(
c0 + c1m + · · ·+ cd−1m

d−1

q

)
.

With that notation Lemma 6.2.4 becomes

Lemma 2.3. Let q be an odd prime and s an integer such that f(s) ≡ 0 (mod q) and f ′(s) ≡ 0
(mod q). Let S be a set of coprime pairs of integers (a, b) such that q does not divide a− bs
for any (a, b) ∈ S. Assume β =

∏
(a,b)∈S(a− bα) is a square in Q[α] then

χq,s(β) = 1.

All the conditions, except that β is a square, is met in our case. But the lemma gives us
a necessary condition for squareness.

The idea now is to check for how many q, s we shall test χq,s to be (almost) certain that
β is a square. Let us define

V = {z ∈ Q[α]∗ | vP (zI) even for all prime P ⊂ Z[α]},

where vP (J) denotes the exponent of P in the prime ideal factorization of the ideal J . We
have β ∈ V . This comes from the third piece of information we found earlier. In the proof of
Lemma 6.2.1 in [1] they use the relation between the v

¯
’s and the vP ’s to say something quite

similar.
The problem is now if β also is a square. We therefore study the quotient group

V/Q[α]∗2

with the natural multiplication. We want to prove that the coset of β in the quotient is zero.
That will imply β ∈ Q[α]∗2 (eg. β is a square in Q[α]) and by Lemma 2.1 f ′α2β is a square
in Z[α]. The following lemma is from [2].

Lemma 2.4. Each χq,s with q odd and f ′(s) 6≡ 0 (mod q) induces a nontrivial group homo-
morphism from V/Q[α]∗2 to {±1}.

We will just denote the deduced homomorphism by χq,s. If we could find a set T of pairs
q, s such that {χ′q,s | (q, s) ∈ T} spans Hom(V/Q[α]∗2, {±1}) we are done. This is because we
then test if χq,s(β) = 1 for all of the spanning χq,s. If β passes that test φ(β) = 1 for all φ ∈
Hom(V/Q[α]∗2, {±1}). Since there is some nontrivial homomorphism Hom(V/Q[α]∗2, {±1})
this implies that β = 0 in the quotient and we are done.

In [3] it is proved that the quotient group can be written as a vector space over F2 with
dimension < log2 n, so it is actually possible to find a spanning set of χq,s. Every pair
(q, s) induces a prime ideal in Q[α], and we could have stated all the above statements in
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that notation (which is actually done in [2]). The Chebotarev density theorem deals with
the distribution of these ideals, and gives us that the χq,s are evenly distributed among the
nontrivial elements of Hom(V/Q[α]∗2, {±1}) asymptotically. If we assume that also holds
in our finite case we can assume that the χq,s we have picked is randomly distributed in
Hom(V/Q[α]∗2, {±1}). The following lemma from [2] tells us, how many χq,s we should pick.

Lemma 2.5. Let k, l > 0 be integers, and let W be a k-dimensional vector space over F2. Let
P be the probability that l randomly picked nontrivial elements of W span W . Then

P > 1− 2k−l.

Notice that if we see V/Q[α∗2] as a vector space over F2, then Hom(V/Q[α]∗2, {±1}) is
the dual space, and thus has the same dimension over F2.

So we need to pick a little more than log2n pairs (q, s). In [1] they pick k = b3 log2 nc and
in [2] k = blog2 nc+ 30, but it is not really important for the running time of the algorithm.

3 Finding square roots

At the end of the NFS we have that
∏

(a,b)∈S(a− bm) = v2 for v ∈ Z and f ′(α)2
∏

(a,b)∈S(a−
bα) = γ2 for γ ∈ Z[α]. We now need to find v and γ. Actually we wan’t to find u ∈ Z such
that u ≡ φ(γ) (mod n) where φ is the homomorphism from Z[α] to Zn defined by φ(α) = m.

It is rather simple to find v, since we calculated the prime factorization of
∏

(a,b)∈S(a−bm)
when we filled up the rows of the matrix. Then v is the number with the same primefactor-
ization with half as big exponents.

It’s harder to find γ. The method here is mentioned in [1] and [4]. Assume we have written

γ = a0 + a1α + · · · ad−1α
d−1,

u will then be defined by
u = a0 + a1m + mad−1m

d−1.

Since γ2 is known, we know u2. Since we are only interested in v (mod n) we can calculate
aj modulo n. This is good, since the numbers possibly are extremely large.

The idea is to calculate u modulo a bunch of primes and then use the Chinese Remainder
Theorem. We then get a y such that u ≡ y (mod P ), where P is the product of the primes
we chose.

There is one probem with tis approach. For each prime p we calculate the square root
modulo p, but there are two choices with opposite sign, and we do not know which one to
choose. If d (the degree of the polynomial f) is odd, there is a way around this, since we then
have N(−1) = −1. The norm on Q[α] was defined by

N(s0 + s1α + · · · sd−1) =
d∏

j=1

(s0 + s1αj + · · · sd−1α
d−1
j ),

where α1, . . . , αd is the roots of f . When we calculated the rows of the matrix, among other
things, we calculated v

¯
(a− bα), which actually gives us the prime factorization of N(β) and

hence it is easy to get the prime factorization of N(γ). For each of the primes p we chose
earlier, we find γp such that

γ2
p ≡ γ2 (mod p).
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We now need to choose γp or −γp. But in this case that is easy, since we know the N(γ)
(mod p). We then choose the one, that has norm congruent to N(γ) modulo p. This does
not generalize to d even, so we need some other method.

If not done carefully, the numbers will get very large, and as a consequence the computation
of the square root will take quite some time to run through. But there are fast methods that
seem to work in practice. So there are ways of doing this that does not have any mentionable
consequences for the overall running time.

4 A newer way of finding square roots

I have studied a rather new implementation of the NFS by Jason Papadopoulos (URL:
http://www.boo.net/ jasonp/qs.html), his method is more or less brute force. That is quite
different from what I have described, since the computational power availible today is quite
different from what it was when the articles I refer to was written. As an example, he does
not do as much work to keep the coefficients from begin large.

He defines a new polynomium S(x) by

S(x) =
∏

(a,b)∈S

(a− bx) (mod f(x)).

He then finds the squareroot T (x) of S(x) in Z[x]/(f(x)) by som kind of Newton iteration.
It is enough to calculate modulo f(x) since we need our result modulo n. We now have
something like v = f ′(m)T (m) (mod n).

This is rather brute force, but it works well on faster computers.
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